GENERIC VARIABLES IN ACYCLIC CLUSTER ALGEBRAS 
AND BASES IN AFFINE CLUSTER ALGEBRAS 



G. DUPONT 



Abstract. Let Q be a finite quiver without oriented cycles and J\.{Q) be 
the coefficient-free cluster algebra with initial seed (Q, u). Using the Caldero- 
Chapoton map, we introduce and investigate a family of generic variables in 
Z[u^^] containing the cluster monomials of A{Q). The aim of these generic 
variables is to give an explicit new method for constructing Z-bases in the 
cluster algebra A.{Q). 

If Q is an affine quiver with minimal imaginary root S, we investigate differ- 
ences between cluster characters associated to indecomposable representations 
of dimension vector 5. We define the notion of difference property which gives 
an explicit description of these differences. We prove in particular that this 
property holds for quivers of affine type A. When Q satisfies the difference 
property, we prove that generic variables span the cluster algebra A.{Q). If 
A{Q) satisfies some gradability condition, we prove that generic variables are 
linearly independent over Z in A{Q). In particular, this implies that generic 
variables form a Z-basis in a cluster algebra associated to an affine quiver of 
type A. 
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Introduction 

Cluster algebras were introduced by Fomin and Zelevinsky in a series of papers 
|FZ02[ lFZ03l IBFZ051 IFZ07j in order to design a general framework for understand- 
ing total positivity in algebraic groups and canonical bases in quantum groups. 
They turned out to be related to various subjects in mathematics like combinatorics, 
Lie theory, representation theory, Teichmiiller theory and many other topics. 

A cluster algebra is a commutative algebra generated by indeterminates over 
Q called cluster variables. They are gathered into sets of fixed cardinality called 
clusters. The initial data for constructing a (symmetric coefficient-free) cluster 
algebra is a seed, that is, a pair {B,u) where B £ Mq(Z) is an anti-symmetric 
matrix and u = {ui, . . . ,Uq) is a g-tuple of indeterminates over Q. The cluster 
variables are defined inductively by a process called mutation. The cluster algebra 
associated to a seed {B,u) is denoted by A{B), it is a Z-subalgebra of the ring 
IJyu^^ , . . . , u^^] of Laurent polynomials in u. 
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Viewing anti-symmetric matrices as incidence matrices of quivers, it is possible 
to define the cluster algebra A{Q) from a seed {Q, u) where Q is a quiver. Namely, 
A{Q) is the cluster algebra with initial seed (J5, u) where B is the incidence matrix 
of Q. If Q contains no oriented cycles, it is called acyclic and A{Q) is called 
an acyclic cluster algebra. Initiated in |MRZ03| . formally defined in |BMR+06| 
and later developed in vario us papers (see [BMR071 IBMR081 IBMR09[ ICCS06b[ 
ICCS06al ICC061 fCKOSl ICK06| for example), the cluster category of an acyclic quiver 
Q gives a fruitful categorification of an acyclic cluster algebra A{Q). Another 
categorification, using preprojective algebras is developed independently by Geiss, 
Leclerc and Schroer (see ^GLS05[ iGLSOTi FGLSOSI for example). For a wide overview 
concerning categorifications of acyclic cluster algebras, one can refer to |Kel08| . 

The investigation of Z-bases in cluster algebras, whether it is very fundamental 
in the theory, is still widely open. A first idea would be to consider particular 
monomials in cluster variables in order to constitute a Z-basis of A{Q). A privileged 
choice is given by the cluster monomials^ that is, monomials in cluster variables 
taken in a same cluster. It is proved in |CK08j (see also [.SZ04j for rank two) that 
cluster monomials constitute indeed a basis if Q is a Dynkin quiver. 

In [SZ04], the authors investigated all cluster algebras associated to matrices of 
rank 2 of Dynkin or affine type. It turned out that if the matrix B is not of Dynkin 
type, the cluster monomials are not enough to generate A{B) as a Z-module and 
one has to had somehow an "imaginary" part to the set of cluster monomials. For 
these cluster algebras of rank 2, they managed to obtain a Z-basis called canonical 
basis, characterized by a certain positivity property. Nevertheless, at this time there 
are no similar results for cluster algebras of higher ranks. 

Later, in [CZ06j, Caldero and Zelevinsky investigated another basis arising nat- 
urally from the representation theory of the quiver Q when Q is the Kronecker 
quiver. They called it the semicanonical basis of A{Q). It has no longer the pos- 
itivity property of the canonical basis but it appeared to us that the definition 
of Caldero-Zelevinsky's basis, using the AR-quiver approach to cluster variables, 
could be generalized (see also jCer08| for results about concerning rank three clus- 
ter algebras). 

In |GLS08| , the authors give a very general definition of bases in cluster algebras 
using Lusztig's dual semicanonical basis. Their methods consist in realizing certain 
cluster algebras as subalgebras of the graded dual of the enveloping algebra U{n) 
where n is the maximal nilpotent subalgebra of the Lie-Kac- Moody algebra g asso- 
ciated to Q. Specializing coefficients, they construct a basis in the acyclic cluster 
algebra A{Q) using the dual S* of Lusztig's semicanonical basis. By definition, 
the elements of S* are generic constructible functions parametrized by irreducible 
components of the nilpotent varieties of modules over the preprojective algebra. 

The idea of this article is to define generic values in an acyclic cluster algebra, 
giving an analogue in the context of cluster categories to the generic functions of 
Lusztig's dual semicanonical basis. This enables to carry out the methods used in 
|CK08| for Dynkin quivers to quivers of affine types in order to define a Z-basis. 
The interest of this method is that it provides a completely explicit realization of 
the generic values in an acyclic cluster algebra. 

The main tool for constructing these generic variables is the so-called Caldero- 
Chapoton map. Introduced in |CC06| . the Caldero-Chapoton map is an explicit map 
from the set of objects in the cluster category Cq to the ring of Laurent polyno- 
mials in u containing the acyclic cluster algebra A{Q). Among various interesting 
properties, the Caldero-Chapoton map turns out to be a constructible function, 
admitting generic values. It turns out that cluster monomials naturally appear as 
generic values. Regarding the works of Geiss, Leclerc and Schroer, it is reasonable 
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to think that generic values for the Caldero-Chapoton map form a good candidate 
for being a Z-basis in the considered cluster algebra. The article is devoted to prove 
that this is indeed the case when Q is an affine quiver satisfying a property called 
difference property. In particular, this proves that generic variables form indeed a 
Z-basis when Q is a quiver of affine type A. 

Because of the similarity with Luzstig's dual semicanonical basis, it seemed to be 
relevant to call our basis the semicanonical basis of the cluster algebra. However, 
this might look a bit confusing because, even if the terminology is the same, our 
semicanonical basis does not coincide with Caldero-Zelevinsky's semicanonical basis 
explicited in |,CZ06j for the Kronecker quiver. We will investigate in subsection 15.21 
the differences between known bases in this case. We will prove in particular that 
the Caldero-Zelevinsky's basis, the canonical basis and the semicanonical basis can 
be obtained from each other only by a locally unipotent base change. 

The article is organized as follows. Section [1] presents the used material and the 
main results of this paper. In section [51 we give the essential background concern- 
ing cluster categories and cluster algebras associated to affine quivers. Section [3] 
is the heart of our study. We introduce the so-called generic variables and study 
some of their properties for acyclic quivers. We then investigate their properties 
for affine quivers and prove that they form a generating set in cluster algebras 
A{Q) associated to affine quivers Q satisfying a certain difference property. In sec- 
tion[31 we prove that the Caldero-Chapoton map is compatible with Zhu's extended 
BGP-reflection-functors. Considering interactions of reflection functors and generic 
bases, this allows to prove that under some gradability condition on A{Q)^ generic 
variables are linearly independent in A{Q). In section [51 we give explicit computa- 
tions of generic variables for Dynkin quivers and affine quivers of rank lesser than 
four. Finally in section [51 we give some conjectures and questions. 

1. Background and main results 

In this article, k denotes the field C of complex numbers. 

1.1. The cluster category. Let Q be a quiver, we denote by Qq the set of vertices, 
Qi the set of arrows and for any arrow a : i — yj we denote by s{a) = i the source 
of a and by t{a) = j the tail of a. All the considered quivers will be connected (the 
underlying diagram is connected) and finite (Qq and Qi are finite sets). A quiver 
Q is called acyclic if Q does not contain any oriented cycle. 

Let Q be an acyclic quiver, ^(Q) its root system, ^>o{Q) its positive root system 
and n((5) = {ctiji € Qo} the set of simple roots of Q. As usual, we write 

$>_i(Q) = $>o(Q)U-n(Q) 

the set of almost positive roots. We will denote by (— , — ) the Tits form of Q. We 
identify the root lattice with Z'^o by sending ai to the i-th vector of the canonical 
basis of Z^" . 

Let rep((3) denote the category of finite dimensional representations of Q. If 
M is a representation of Q, then for any i S Qo, M{i) denotes the underlying 
vector space at vertex i and for any a : i — > j in Qi, M{a) : M{i) — > M{j) denotes 
the corresponding linear map. The dimension vector of M is the element in N'^" 
defined by 

dimM = (dimM(j))igQo. 
Let kQ be the path algebra over Q and fcQ-mod be the category of finite di- 
mensional left-fcQ-modules. It is known that fcQ-mod is equivalent to the category 
rep((5), we will then often abuse the terminology by identifying modules and rep- 
resentations. For any vertex i G Qq, we denote by Si the simple module associated 
to z, by Pi its projective cover and by li its injective hull. 



4 



G. DUPONT 



For any dimension vector d, rep{Q, d) denotes the set of representations of Q 
with dimension vector d. This is an affine variety isomorphic to 

rep(Q,d) = ]J fc'^^f") x /c'^*(°). 

In particular rep((5, d) is an irreducible variety. The algebraic group 

Gd= n GL{k,d,) 

acts on rep{Q, d) and the Gd orbits in rep(Q, d) coincide with the isoclasses of 
/cQ-modules. 

The Grothendieck group Ko{kQ) of fcQ-mod is the free abelian group over the 
isoclasses of fcQ-modules modulo the relations X + Y ~ E for any short exact 
sequence — >X — > E — >Y — >0. The dimension vector dim induces an isomor- 
phism of abelian groups 

dim : KoikQ) ^ Z'^" 

sending the isoclass of the simple module 5"^ to the simple root for any i G Qq. 
As kQ is hereditary, the Euler form on fcQ-mod is given by 

(M, N) = dim HomfcQ {M, N) - dim ExtJ;.Q (A/, N). 

It is well defined on the Grothendieck group and for any two fcQ-modules M, N, 
we have 

(dim M, dim A^) = (dim M, dim A). 

We denote by r the Auslander-Reiten translation on fcQ-mod. An indecom- 
posable module will be called preprojective if it is in the r-orbit of a projective 
module. It will be called preinjective if it is in the r-orbit of an injective module. 
It will be called regular if it is neither preprojective nor preinjective. An arbitrary 
module is called preprojective (resp. preinjective, regular) if all its indecompos- 
able direct summands are preprojective (resp. preinjective, regular). We denote by 
ViQ) (resp. I{Q), TZ{Q)) the full subcategory of preprojective (resp. preinjective, 
regular) modules. If there is no possible confusion, we will omit the reference to Q. 

We denote by D^{kQ) the bounded derived category of fcQ-mod with translation 
T and shift functor [1]. A complex concentrated in degree zero will still be called 
a module. D''{kQ) is a triangulated category and the functor G = t~^[1] is an 
auto-equivalence of D''{kQ). The orbit category Cq = D^{kQ)/G, introduced in 
[BMR+06] . is called the cluster category of Q. It is proved in |Kel05| that Cq is 
a triangulated category and that the canonical functor D^{kQ) — >Cq is a triangle 
functor. The image of an object M in D''{kQ) under this canonical functor will 
still be denoted by M. 

The cluster category Cq is a fc-linear KruU-Schmidt category whose indecompos- 
able objects are indecomposable modules and shifts of indecomposable projective 
modules. Namely, if we denote by ind-/C the family of indecomposable objects in a 
Krull-Schmidt category /C, we have: 

ind-Cg = ind-fcQ-mod U {P,[I] : i £ Qo} 

Every object M in Cq has thus an unique decomposition M = Mq © -Pa/[1] 
where Mq is a module and Pm is a projective module. The homological functor 
iJ" = HomcQ(fc(3,— ) : Cq — ^ fcQ-mod allows to recover the module part of an 
object M G Cq. Thus, we will always write 

M ^ H'^{M)®Pm[1] 

the decomposition of an object in Cq into a direct sum of a module and the shift 
of a projective module. 
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The cluster category Cq is a 2-Calabi-Yau category, it means that for any two 
objects M,N £ Cq, there is a duahty 

Ext^^(M,7V)~I?Exti^(7V,M) 

where D = Homfe(— , k) is the standard duahty. Moreover, if M and N are modules, 
there is a precise description: 

Ext^ ^ (M, N) = Ext^Q (M, N) © DE^iIq (TV, Af ) 

In the Auslander-Reiten quiver of a cluster category, indecomposable preprojec- 
tive and indecomposable injective are in the same component. This component is 
called transjective and is denoted by 'PI{Q). 

1.2. AfRne quivers. An affine quiver is an acyclic quiver whose underlying dia- 
gram in an extended Dynkin diagram. The representation theory of such quivers is 
deeply studied and the reader can for example refer to |DR76[ IRin841 ICB92| . We 
recall some useful background concerning representation theory of afhne quivers. 
In this subsection we always assume that Q is an affine quiver. 
We set 

^'%Q) = {a G $(Q) : (a, a) = 1} and $J?o(g) = ^'%Q) n $>o(g) 

the sets of real roots and positive real roots, 

= {a e $(g) : (a, a) = 0} and ^%{Q) = $™(Q) n $>o(Q). 

the sets of imaginary roots and positive imaginary roots. It is known that we have 
the following decomposition: 

m) = ^''{Q) U and $ >o(Q) = $">^o(Q) U ^%{Q). 

Moreover, there exists an unique positive imaginary root 6 such that 

and this root 5 is called the minimal imaginary root of Q. Note that 5 is a sincere 
root, it means that 5i ^ for every i £ Qo- 

A positive root a is called a Schur root if there exists a (necessarily indecom- 
posable) representation M G rep((5,a) such that EndfeQ(M) ~ k. Such a represen- 
tation is called a Schur representation. According to Kac's theorem, there exists 
an indecomposable representation in rep((3,a) if and only if a is a positive root. 
Moreover, if a is a real root, there exists an unique indecomposable representation 
of dimension vector a. If in addition a is a Schur root, then M is rigid, that is, 
ExtJ,Q {M, M) =0. If a is a positive imaginary root, then, the set of indecomposable 
representations of dimension vector a is a P^(fc)-family of pairwise non- isomorphic 
representations. In particular rep((5, a) (and thus rep((5)) contains infinitely many 
non-isomorphic indecomposable objects. 

The existence of a minimal imaginary root provides a very useful linear form 
d : — >Z called defect form. This form is defined by 

da = {5, a) 

for any a e . As the Euler-form is well defined on the Grothendieck group, for 
any M in rep((5), we define the defect of M as 

dM = (5,dimM) . 

The defect allows to characterize whether an indecomposable module is preprojec- 
tive, preinjective or regular. Namely if M is an indecomposable module, then M is 
preprojective iff Om < 0, M is preinjective iff Om > and M is regular iff Om = 0. 

We denote by c : K^lkQ) — > KQ{kQ) the Coxeter transformation on Ko{kQ), 
that is, the Z-linear transformation induced by the translation on the Grothendieck 
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group. For any a,/3 £ lP° , we have (a,/3) = — (/3,c(q)). In particular as c{S) — (5, 
we get 

(a,^) = - {8, a) 

for any ct G Z'^" . 

A twfee 7" is a category isomorphic to the mesh category of the stable translation 
quiver ZAoo/(t^) where p > 1 is an integer called rank of T- A tube will be 
called homogeneous if it has rank 1 and it will be called exceptional if it is not 
homogeneous. Abusing the terminology, a quiver of the form ZAoo/(tJ') will also 
be called a tube. It is known that the regular components of the AR quiver of Q 
form a P^-family of tubes. At most three of the tubes are exceptional. The tubular 
type of Q is the set of ranks of exceptional tubes. For any A G P^, we denote by 
T\{Q) the corresponding tube in the AR-quiver of Q. We denote by Pj(Q) the 
set of A £ such that 7a is homogeneous. If there is no possible confusion, the 
reference to Q will be omitted. 

For a Dynkin quiver Q, one can define an ordering on the indecomposable objects 
in /cQ-mod with respect to the existence of a morphism from an object to another. 
For affine quivers such an ordering does not exists. Nevertheless, there is still a 
result of ordering with respect to the components. If P e I G I{Q) and 

R G 7^(Q), then 

HomfcQ(i?,P) ~ HomfeQ(/,i?) 2± HomfcQ(/,P) - 0, 

and 

Exti,Q(P, R) ^ ExtiQ(i?, /) 2. ExtiQ(P, /) = 0. 
If M and N are two regular indecomposable modules in different tubes, then 
HomfcQ(M, iV) = and Ext^Q(M, N) = 0. 

Every tube T is a uniserial abelian category closed under extensions, kernels and 
cokernels. A regular module M in a tube T is called quasi-simple if it does not 
contain any proper submodule in T. In particular, if M is quasi-simple, then it 
contains no proper regular submodule (these modules are sometimes called regular 
simple in the literature). The quasi- composition series of an indecomposable regular 
module M is a sequence 

Q = Mq C Ml d ■ ■ ■ C Mr = M 

such that each Mi is regular and Mi/Mi-i is a quasi-simple module. Such a quasi- 
composition series is unique. The quasi-length q.l(Af) of M is the integer r, the 
quasi-socle q.soc(M) of M is Mi and the quasi-radical q.rad(Af) of M is Af^-i. 

Note that the r-orbit of any projective or injective module is infinite. The 
situation is pictured in figure [TJ 

1.3. The Caldero-Chapoton map. We now return to the case where Q is an 
arbitrary acyclic quiver. We denote by A{Q) the coefficient free cluster algebra 
with initial seed (Q, u) where u = (u^, i G Qo) is a set of indeterminates over Q. It 
has already been mentioned that the cluster category is a fruitful categorification 
for the cluster algebra A{Q). A central object for the 'decategorification' in this 
framework is the so-called Caldero-Chapoton map introduced in |CC06| . 

Fix M a /cQ-module and e a dimension vector, the quiver grassmannian of M 
of dimension e is the set 

Gre(Af) = {A^ G rep((3,e) : A^ is a subrepresentation of M} . 

This is a closed subset of the standard vector space grassmannian and it is thus 
a projective variety. We can in particular define its Euler-Poincare characteristic 
x(Gre(A/)) with respect to the etale cohomology with compact support. These 
varieties are of great interest, it is for example proved in |CR08| that x(Gre(M)) > 
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Figure 1 . The cluster category of an afBne quiver 



if Gre(A/) is not empty which is a very important step towards the proof of the 
positivity conjecture of Fomin and Zelevinsky. 

Definition 1.1. The Caldero-Chapoton map of an acycUc quiver Q is the map x!^ 
defined from the set of objects in Cq to the ring of Laurent polynomials in the 
indeterminates {ui,i € Qq} by: 

(1) If M is an indecomposable fcQ-module, then 

<v,ai> — (ai ,dim M—v) 



(1) 



^^f=Ex(Grv(Af)) n 



ieQo 



(2) If M ~ -Pi[l] is shift of the projective module associated to i G Qo, then 

(3) For any two objects M, N of Cq, 



For any object M in the cluster category Cg, X^j will be called the generalized 
variable associated to M . If there is no possible confusion, we will omit the reference 
to Q. 

Note that the Caldero-Chapoton map satisfies equality ([T]) for every fcQ-module 
M (see [CC06] V If there is no possible confusion, we will simply write Xm for X^. 

We extend the dimension vector to the objects in the cluster category by setting 
for any i G Qo, dim.Pi[l] = —a.i and if M = ® j M,; is a decomposition into 
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indecomposable objects, we set 

dimAf = ^ dim Mi. 

i 

Considering a Laurent polynomial F = -P(u)/ riiGQo such that P(u) is not 
divisible by any u^, we define the denominator vector S{F) of F as the tuple d = 
idi)ieQo- The following theorem will be referred to as the denominators theorem: 

Theorem 1.2 ([CK08]). Fix Q an acyclic quiver. Then for any object M in Cq, 
the denominator vector of X^j is dimM. 

The central role of the Caldero-Chapoton map in the 'decategorification' is that 
it allows to realize cluster variables as generalized variables associated to indecom- 
posable rigid objects. Namely, the result is: 

Theorem 1.3 ( |CK06| ). Let Q he an acyclic quiver. Then 

C1(Q) = {AT e OhiCo) : M is indecomposable and rigid] . 

where C1(Q) denotes the set of cluster variables in A{Q). 

In |CK08| . it turned out that using the properties of the Caldero-Chapoton map, 
one is able to prove that the set of cluster monomials is a Z-basis of the Z-module 
A{Q) when Q is a Dynkin quiver. According to theorem 11.31 an equivalent way to 
state this result is: 

Theorem 1.4 f jCK08| ). Let Q be a quiver of Dynkin type. Then the set 

{Xm ■ M is rigid in Cq} 
is a li-basis of the li-module A{Q). 

I. 4. Main results. The aim of this article is to give a generalization of theorem 

II. 41 when Q is a quiver of afhne type. It already appeared in |SZ041 ICZ06| that 
if Q is not of Dynkin type, then in general, the cluster monomials do not form a 
generating family of the Z-module A{Q). This should be a special case of a general 
phenomenon for quivers of infinite representation type (see also |Lec03| ) . 

For our purpose, we will define a generalization of the notion of cluster monomial. 
By theorem ll.31 cluster monomials correspond to generalized variables associated to 
rigid objects. It is known that the Gj-orbit of a rigid object M € rep((3, d) is open 
dense in rep{Q,d). As the Caldero-Chapoton map on rep{Q,d) is Gd invariant, 
cluster monomials can be viewed as values of the Caldero-Chapoton map on a dense 
open subset of rep{Q, d). The following result, which is a corollary of lemma [3?T1 
will generalize the notion of cluster monomial with respect to this property. 

Corollary 13.31 Fix Q an acyclic quiver and d a dimension vector. Then there 
exists a dense open subset Ud C rep((3, d) such that the Caldero-Chapoton map is 
constant over Ud. Moreover, if U'^ is another such open subset, the values of the 
Caldero-Chapoton map are the same on Ud and U'^. 

If d G , we write X^ the value of the Caldero-Chapoton map on Ud- For 
d e , we write 

[d]+ = (max(d,,0)).gQ^ 

and we set 

= ^[d]+- n 

di<0 

the generic variable of dimension d. The following lemma states that generic vari- 
ables generalize cluster monomials: 
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Lemma 13.101 Let Q he an acyclic quiver, fix x a cluster monomial with denomi- 
nator vector 5 {x). Then 

Equivalently, if M is a rigid object in Cq, we have 
We set 

to be the set of all generic variables. We can explicitly describe the generic variables 
for an affine quiver. If f is a set of objects in Cq, we denote by addf its additive 
closure, that is, the full subcategory of Cq whose objects are direct sums of directs 
summands of objects in £. The result is the following: 

Proposition [3^.181 Let Q he an affine quiver and d G ifi" , denote hy £ a set of 
representatives of isoclasses of regular modules M. Then 

B'{Q) — {cluster monomials} U |^M®"e£; ■ ^ ^ add£ is rigid, n > l| 

where M\ is any quasi-simple in an homogeneous tuhe. 

We will prove several results for cluster algebras of affine types. The following 
first result is expected whereas the second one is very surprising. It gives very 
nice relations between generalized variables associated to indecomposable modules 
having the same dimension vectors for a cluster algebra of affine type A. For 
any A G Pj, we denote by Mx the unique indecomposable module of dimension 6 
belonging to the homogeneous tube 7a and by the unique indecomposable 

regular module of quasi- length n and quasi-socle M\. For any quasi-simple module 
E in an exceptional tube, we write Me the unique indecomposable module of 
dimension 6 with quasi-socle E. 

Lemma 13.141 Let Q he a quiver of affine type. Then for any A, /i G Pq and any 

n > 1; we have 

Theorem 13.251 Fix Q a quiver of affine type A, E a regular simple module in an 
exceptional tube, A G Pq, then 

Xme = + -'^q.radMis/B 

We say that an affine quiver Q satisfies the difference property if it satisfies the 
above theorem. The main result of this article is the following theorem: 

Theorem l4.21l Let Q he an affine quiver such that every quiver reflection- equivalent 
to Q satisfies the difference property. Then B' [Q] is a Z-hasis for the "L-module 
A{Q) called the semicanonical basis of A{Q). 

It proves in particular that generic variables form a Z-basis in an affine cluster 
algebra of type A. 

In subsection 14. 1[ we will study the interaction between Zhu's extended BGP- 
reflection functors and the Caldero-Chapoton map. For terminology, the reader can 
refer to subsection l4.1l An important result is the following: 

Proposition 14.61 Let Q he an affine quiver with at least three vertices. Let i 
he a sink in Qq. Assume that Q and UiQ satisfy the difference property. Denote 
hy : A{Q) — > A{aiQ) the canonical isomorphism and by : Cq — >Ca-Q the 
extended BGP functor. Then for any object M in Cq, we have — . 
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We can then deduce the behaviour of the generic variables under reflection func- 
tors: 

Corollary 14.101 Let Q be an affine quiver of affine type with at least three vertices. 
Let i he a sink in Qq. Assume that Q and Q' satisfy the difference property. Denote 
by $ : A{Q) — > A{(TiQ) the canonical isomorphism. Then for any d G Z'^" , we have 

2. Affine cluster algebras and cluster categories 

2.1. Cluster algebras of afRne types. Fomiii and Zelevinsky proved in |FZ03| 
that if Q is a quiver (or more generally a valued graph) of a given Dynkin type, 
then every acyclic quiver mutation-equivalent to Q is also a Dynkin quiver of the 
same Dynkin type. In this subsection, we generalize this result to the affine case. 

Definition 2.1. A quiver Q is said to be of affine type A^.s if it is isomorphic to a 
quiver with underlying diagram of afhne type A^+^-i with r arrows going clockwise 
and s arrows going anticlockwise for some integers r, s > 0. It is said of affine type 
D„ (resp. E„) if the underlying diagram is of type D„ for some integer n> A (resp. 
n = 6,7,8). 

Remark 2.2. Note in particular that a quiver is of affine type A^^s if and only if 
it is of afflne type A^ 

The following proposition proves that there is a finite-affine-wild classification of 
acyclic cluster algebras. It is actually a particular case of |CK06[ Corollary 4]. 

Proposition 2.3. Let Q he an acyclic quiver of a given affine type X. Then all 
the acyclic quivers mutation- equivalent to Q are of affine type X. Moreover, if Q' 
is a quiver of affine type X, then Q' is mutation equivalent to Q. 

Proof. If Q' is an acyclic quiver mutation-equivalent to Q, then Q' is the quiver of 
the opposite eiidomorphism ring of a cluster tilting object T in Cg. It thus follows 
from [K R08j that the cluster categories Cq and Cq' are triangle equivalent. If we 
denote by n = (ni, . . . , Us) the tubular type of Q, then the AR-quiver of the cluster 
category of Cq contains s tubes of respective ranks rii, . . . , n^. Assume now that 
Q' is not of affine type. Then either Q' is Dynkin but then Cqi has only finitely 
many non-isomorphic objects and thus is not equivalent to Cq, or Q' is wild and 
the the AR-quiver of Cq does not contain tubes. It follows that Q' is also a quiver 
of affine type and moreover it has the same tubular type n. Now, it is known that 
two affine quivers have the same tubular type if and only if they have the same 
affine type. This proves the first assertion. 

For the second assertion, assume first that Q is a quiver of affine type A^^s- 
If Q' is another quiver of type A^^s, then it is known (see |iASS05| for example) 
that Q' is reflection-equivalent to Q and in particular, it is mutation-equivalent 
to Q. Now assume that Q and Q' are of affine type D or E. Then Q and Q' 
are two different orientations of a tree but is is known (see also |ASS05| ) that any 
different orientations of a tree are reflection-equivalent. It follows that Q and Q' 
are mutation-equivalent. □ 

Proposition 12.31 allows to speak of cluster algebras of affine type and to define 
the affine type of such a cluster algebra. 

Definition 2.4. A cluster algebra A is said to be of affine type X where X = 
Ar^s, Dr, or E„ for some non- negative integers r, s or some n = 6, 7, 8 if it contains 
a seed (x, Q) where Q is an acyclic quiver of affine type X. 
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For simplicity, we say that A if of affine type A if it is of afRne type A^.s for some 
non-negative integers r, s. 

Remark 2.5. Note that we exclude the quivers Q of cyclic types Aj.,o for some 
integer r > 0. Indeed, it is known that in this case, the cluster algebra is of Dynkin 
type ©. 

2.2. Multiplications in affine cluster algebras. Following the ideas of |CK08| 
for cluster algebras of finite type, we will use cluster multiplication theorems in 
order to prove that B'{Q) generates the Z- module A{Q). These theorems are fairly 
important for the study of cluster algebras because they provide a certain structure 
of Hall algebra for cluster categories. For different multiplication theorems, the 
reader can for example refer to |CK08[ ICK06[ |Dup091 IHubOGi IXX07[ IXHTO] . 

The following multiplication formula will be referred to as the almost split mul- 
tiplication formula: 

Proposition 2.6 f |CC06j ). Let Q he an acyclic quiver and M he a non-projective 
kQ-module. Then 

XmXt-m = Xb + 1 
where B is the central term of the almost split sequence 

— > tM — > B — > M — > 0. 

Another important formula is the one- dimensional multiplication formula: 

Theorem 2.7 f |CK06) ). Let Q he an acyclic quiver and M, N he any two objects 
in Cq such that dimExtJ^ (M, iV) — 1. Then 

XmXn = Xb + Xb' 

where B and B' are the unique objects such that there exists non-split triangles 

M — >B — >N — >M[1] andN — > B' — >M — >N[l]. 

The following theorem is a consequence of |XX07| or |XulO| (see also |Dup09[ 
Theorem 9.2]). 

Theorem 2.8. Let Q he an acyclic quiver and M,N be two indecomposable kQ- 
modules. Then XmXn can he written as a Q-linear combination of Xy where Y 
is either the middle term of short exact sequences of kQ -modules 

— > M — > Y — > N — > or — > N — > Y — > M — > 

or is isomorphic to ker / ® coker /[— 1] for some morphism f in Honifeg (M, tA'^) or 
in HomfcQ (iV, tM) . 

Corollary 2.9. Let Q he an acyclic quiver and M,N he any two objects in Cq. 
Then XmXn can be written as a Q-linear combination of Xy where Y is the middle 
term of a non split triangle in Ext^^ (N, M) or in Ext^^ (M, N). 

Proof. We assume that M, A / 0. We prove it by induction on the number n 
of indecomposable direct summands of M ® N . If n = 2, then M and N are 
decomposable and the result is nothing but theorem l2.8l Assume that n > 2. Then 
M ® N = Ml ® M2 ® Ni ® N2 with Mi,Ni indecomposable. Then 

XmXn ~ Xmqn 

= XMieM2<SNi(SN2 

= Xm2®N2 {XmiXnJ 

= XM21SN2 ^ nyXy 
Y 
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where the ny are rational numbers and Y runs over middle terms of non split 
triangles 

Ml — )■¥ — )-Ni — )-Mi[l] OT Ni — )■¥ — )-Mi — )-Ni[l]. 
But if Ml 4 y A TVi 4 Mi[l] is a non-split triangle, there is a non-split triangle 



Ml e M2 

It follows that 



i 
1 




1? 
1 

y e M2 ®"N2 — > -/Vi e N2 



€ 




Mi[i]eM2[i] 



XmXn = nyXy0M2eJV2 



where ny are rational numbers and Y ® M2 ® N2 runs over middle terms of non 
split triangles 



M- 



. F e M2 e N2^N^ M[l] or AT— ^ F M2 8 A^2^ M— ^ N[l]. 



□ 



Now, we get interested in middle terms occurring in these non-split triangles. 
For any two feQ-modules M,N, we write Ext^^(A^, M)^ the set of triangles in 
Ext^^ (TV, M) with middle term isomorphic to Z. For any object M in Cq, we write 
[M,M]i = dimExtc<3(M,M). We denote by Kg^'^'\CQ) the split Grothendieck 
group, that is, the free abelian group over the isoclasses of Cq modulo the split 
triangles. 

Lemma 2.10. Let Q be an acyclic quiver, and M, N he two objects Ext^^ {N, M) ^ 
0. Fix Z ^ M ®N an object such that Ext^^ (N, M)z Then 

[Z,Zf < [M®N,Mq)N]^ 

Proof. Fix a non-split triangle 

M — >Z — >N ^ M[l]. 

[— , — ]^ induces a bilinear form on K^^^^*^ (Cq) . For any object R, the contravariant 
functor Homcg (— , applied to the triangle M — > Z — > N M[l] gives rise to 
the exact sequence 

0^ Kr^ Homcg (iV, -R[l])^ HomcQ {Z, R[l])^Bomc^ (M, R[l])^ Cr^ 

where Kr is the kernel of the map HomcQ(A'', — >}iomcQ{Z,R[l]) and Cr is 
the cokernel. 

In particular, for any object R, wc have 

dim KR+dim C^+dimHomcQ {Z, R[l]) = dim Homcp {N, i?[l])+dimHomcQ (M, R[l]), 

thus 

dim Kr + dim Cr + [Z, R] ^ = [TV, iJ] ^ + [M, R] ^ . 

We the get 

[Z,N]^ < [N,N]^ + [M,N]^ and [Z,Z]^ < [N,Z]^ + [M,Z]^. 

Moreover, e is a non-zero element in the kernel Km of Homc^ {N, M[l]) — > Homc^ {Z, M[l]), 
and thus dim Km > 0. Finally, 

[Z, M]i < [N, M]^ -I- [M, M]\ 
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It follows that 

[M + TV, M + NY ^ [M, MY + [iV, NY + [M, NY + [iV, M]^ 

> [Z,Nf + [Z,M]i 
= [iV, Zf + [M,Z]i 

> [^,^]' 

which proves the lemma. □ 

This implies the following corollary which will be essential to us: 

Corollary 2.11. Let Q be an affine quiver and M,N be two objects such that 
Ext^^(7V,A/) ^ 0. Then, XmXn is a (finite) Q-linear combination of Xy where 
Y runs over objects in Cq such that [Y, FJ^ < [M ® N,M ® N]'^. 

Proof. As T is an auto-equivalence of Cq and Cq has infinitely many indecomposable 
objects in its transjective component, we can assume that M and N are modules. 
Then, every Y occurring in the expansion of corollary 12.91 is the middle term of a 
non-split triangle in the cluster category. Lemma [2.101 gives the result. □ 

The following is an easy but useful lemma: 

Lemma 2.12. Let Q be an acyclic quiver and M,N be two objects in Cq. Then 
for any triangle 

M — >E — >N — ^M[l] 
we have dimH°{E) < dimH°{M © N). 

Proof. Applying to the triangle M ^ E ^ N — !-A'/[l], we get a long exact 
sequence 

(2) >H" ( Af ) H'\E) if (iV) ^ • • • 

We denote by 

= keriJ°(a), C„ = cokeriJ°(a), 
Kp = keri7"(;3), Cp = coker77°(;3). 
We have two exact sequences 

0-^ H°(Af) > ^ 0, 

In the Grothendieck group K^ikQ), we thus get the equalities 

H\E)^H''{N) + Kp~Cp 

and thus 

2H\E) = H\M) + H\N) + - Cp) + {Kp - K^) 

As the sequence ^ is exact, we have Kp = Im (if°(a)) and thus H'^[E) — Kp = 
Cq. It follows that 

H\E) = H"{M) + H"{N) - {Ka + Cp) 
and thus identifying Ko{kQ) and with the dimension vector, we get 

dim H°{E) < dim H°{M ® N). 

□ 
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Lemma 2.13. Let Q be an affine quiver, T be a tube of the AR-quiver of Q and 
M, N be two indecomposable regular modules in T. Then for any triangle 

M — >E — >N — >7\/[l] 

E is a regular module in T. 

Proof. Fix a triangle M ^ E ^ N ^ M[l\. With notations of lemma [TH we 
have 

H\E) = H\M) + i/"(7V) -{K,, + Cp). 
Thus, dHO(E) = dH(>{M)+dHO{N)-dK^~dci^ = -dK^-dc/^- The exact sequences 





= dc^ - 




dH°{E) 


= dK, - 

















yield 



so that 



Set / = H^{4>) : N — >tM, it is a morphism between regular modules. It 
follows that Sker / = 9cokcr / • But from the long exact sequence [51 we get 
Im(iJ'^(/3)) = kcr/ so that the exact sequence 

0—>lm{H"{l3))—>H'^{N)^N^Cp^0 

gives dc, = and thus dHO(E) — c)k,- On the other hand, Kq, — keri/'^(a) = 
Im 1])) c± Im(iJ"(r/)) but r/ is a morphism between regular modules so 

Im (t/) is a regular module and thus dx^ = 0. As Ok^ = ~9kii = —dHO(E)-i it 
follows that 9i/0(£-) — 0. 

Write E = PE[l]©P©i?©/ where Pe is a projective module, P is a preprojective 
module, i? is a regular module and / is a preinjective module. Assume that / is 
non-zero, thus by defect, P is also non-zero. Denote by p the rank of T, there exists 
some k G such that t^'^I — 0. Thus I[—k] is either the shift of a projective 
module, or a preprojective module. Note that -P[— fc] is a non-zero module. Consider 

the triangle associated to the morphism /c], it is given by M E[-k] 

N ~ — % ^^[1] It follows from the above discussion that dHO(^El-k]) — but 

E[-k] = Pe[1 - fc] © P[-k] © R[^k] © /[-fc] 

so that Pe[1 - fc] © P[-k] © I[-k] = and thus = P = / = 0, which is 
a contradiction. It follows that _E = P is a regular module. Moreover, as there 
are neither morphisms nor extensions between different tubes, it follows that E G 
addr. □ 



Proposition 2.14. (1) Let Q be an affine quiver and M be an object in Cq. 

Then Xm can be written as a Q-linear combination of Xy where Y is an 
object such that dimH°{Y) < dimH"{M) and Extcg(K,, Y,) = for any 
two distinct direct summands ofY. 
(2) // moreover M is taken in addT for some tube T of the AR-quiver of Q, 
then the Y can be taken also is add T. 
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Proof. We prove the it assertion by induction on the dimension of the self-extension. 
If M is rigid, the result holds. Assume now that M is not rigid. If M is indecom- 
posable, the result holds so we can assume that M = Mi ©M2 with [Mi, M2Y 7^ 0. 
Corollary 12.111 implies that Xm = XmiXm2 is a Q-linear combination of Xy with 
[Y, YY < [Ml ©M2, Ml ©M2] = [M, M]^ Thus, by induction each Xy is a Q-linear 
combination of Xz where Z is such that Extj^^{Zi, Zj) = for any two distinct 
direct summands of Z. The fact that dim_ff°(F) < dim7J°(M) follows directly 
from lemma E. 121 This proves the first point. The second point follows from lemma 

m □ 

3. Generic variables 

3.1. Generic generalized variables for acyclic quivers. In this subsection, we 
introduce the notion of generic variables, which will be the central objects in this 
article. They will turn out to be good candidates to construct a Z-basis in a cluster 
algebra of affine type. As in the work of |GLS05| . these elements will be generic 
values for some particular constructible functions. The following construction holds 
for any acyclic quiver. 

3.1.1. Existence of generic variables. Let Q be an acyclic quiver, we denote by 
Qo the set of vertices, Qi the set of arrows. For any a : i — >j G Qi, we de- 
note by s{a) = i the source of a and t{a) = j the tail of a. For any dimension 
vector d G N*^" , we denote by rep((5,d) the representation variety of dimension 
drepresentation variety, it is isomorphic to 

aeQi 

in particular it is an irreducible affine variety. 

For the existence of subset of iep{Q,d) giving a generic value to the Caldero- 
Chapoton map, we prove the existence of generic values for Euler characteristics of 
submodule grassmannians. 

The following lemma will be essential: 

Lemma 3.1. Fix Q an acyclic quiver, d a dimension vector. For every dimension 
vector e, there exists a dense open subset Ud,e C rep((3, d) such that the map 

M ^ x(Gre(M)) 

is constant over Ud,e- Moreover, if U'^ ^ is another such dense open subset, the 
value is the same on Ud.e cind U'^ ^. 

Proof. We consider the algebraic variety 

Ve = {(M, N) G rep(Q, d) x rep((3, e) : iV is a submodule of M} 

We denote by /e : Ve — >i:ep{Q,d) the first projection. For any representation 
M, the grassmannian Gre(M) is the fiber of M under the morphism /g. If /e 
is a dominant morphism, then according to |Ver76[ Corollary 5.1], there exists a 
non-empty subset Ud,e C rep((5,d), open for the Zariski topology (and thus dense 
by irreducibility) such that the fibers of /g are isomorphic on Ud.e- In partic- 
ular, they have the same Euler characteristic. Now if fe is not dominant, then 
codim(Im/e) > and thus the Euler characteristic of Gre(M) vanishes on an open 
subset of rep(Q,d). Assume now that U^^ is another such subset. Then by irre- 
ducibility Ud.e n C/^g and thus the values coincide. □ 

Notation 3.2. Fix d, e G N'3°, we will use the following notations: 

e < d 4^ ei < di for all i G Qo 
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e ^ d <^ Ci < for all i E Qq and e ^ d 
If d e Z'^o , we write 

[d]+ = (max(d„0))^gQ^ 

[d]_ = (minK,0))^gQ^ 

Note that if M is a rigid object in Cq, we have 

[dimM]+ = dim 77° (A/). 

Indeed, if M is a module the result is clear. Now assume that Pi[l] is a direct 
summand of M, then 

dimH°{M){i) = dimHomfcQ(F,,i/°(M)) < dimExt^^(i/°(M),Pi) = 0. 

Corollary 3.3. Fix Q an acyclic quiver and d G N'^° . Then there exists a dense 
open subset Ud C rep((3, d) such that the C alder o-Chapoton map is constant over 
Ud- Moreover, ifU'^ is another such open subset, the values of the C alder o-Chapoton 
map are the same on Ud and U'^. 

Proof. Consider 

e<d 

It is a finite intersection of dense open subsets, it is thus open and dense in rep((5, d). 
If e < d, we denote by the value of x(Gre(— )) on Ud.e- For any M G Ud, we 
thus have 

e<d i 
e<d i 



it is thus constant over Ud- 

Assume now that U^ is another such subset, then [/d H [/^ ^ and the values 
coincide on both subsets. □ 

Note that for every d, the set Ud is a Gd-invariant subset of rep((3, d). 

Definition 3.4. Fix d G N'^", we denote by Xd the value of the Caldero-Chapoton 
map on Ud- Fix now d G , we set 

^d = ^[d]+ n ^i'^^ 

di<0 

di<0 
di<Q 

and Xd is called the generic variable of dimension d. 

3.1.2. Generic variables and canonical decomposition- Fix Q an acyclic quiver and 
d e a dimension vector. According to [ Kac80[ [Kac82| . there exists a dense 
open subset DJld C rep{Q, d) and a family of Schur root {ei, . . . , e„} in N'^° such 
that every representation AI e dJld decomposes into 

n 

M = M, 
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with Mi an indecomposable Schur representation of dimension . In particular d = 
Y^l=i^i S'lid the family {ei, . . . , e„} is uniquely determined. This decomposition 
of d is called the canonical decomposition of d and is denoted by 

n 

d = 0e,. 

i=l 

We have the following characterization: 

Proposition 3.5 ( |Kac82| ). Fix Q an acyclic quiver and d G N'^n . Then d = 
®r=i ^'^'^ onZy if there exist Schur representations Mi G rep((3, e^) for every 
i = 1, . . . ,n such that Ext^Q(Mi, Mj) = if i ^ j ■ 

Following Schofield, we set the definition: 

Definition 3.6. For any d, d' e N'^", we say that ExtJ.g(d,d') vanishes generally 
if there exists M G rep((5, d), M' G rep((3, d') such that 

ExtiQ(Af,M')=0 

and if it is the case, we denote it by Ext^Q(d, d') = 0. 

For any dimension vector d G N*^", one has Ua H 9Jld 7^ 0, thus is equal to a 
Xm for some module M G fHd- One can thus use the canonical decomposition to 
compute generic variables. More precisely, a helpful result is the following: 

Proposition 3.7. Fix Q an acyclic quiver, d G N'^" a dimension vector with 
canonical decomposition d — ei © • ■ • © e„ . Then 

n 

Xd^l[X,^. 

1=1 

Proof. Consider the injective morphism : 

f rep((3,ei) X ■ • • X rep((3,e„) — > rep(Q,d) 
'^'l (Mi,...,M„) ^ 

By proposition 13.51 as d = ei ® ■ • • © e„ is the canonical decomposition of d, 
one has Ext^Q(ei, ej) ~ for every i ^ j. It thus follows from |CBS02] that is a 
dominant morphism. 

We set 

U = (OTei n C/eJ X • • • X ($He„ H U^J, 

this is a dense open subset in rep((5, ei) x • • • x rep(Q, e„) and thus (t>{U) is a dense 
open subset in rep{Q,d). In particular (l){U) f) Ud ^ 9 and we can choose some 
M G (piU) n Ud- We thus have Xd ~ Xm and M decomposes into a direct sum 

n 

M = M, 

i=l 

with M, G OJtei n Ue, ■ It follows that 

" ^®r=i Mi 

n 

z^l 
n 

2=1 

□ 
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The following lemma gives a multiplicative property for generic variables. For 
this, we extend the notion of general vanishing of the Ext spaces to the cluster 
category. 

Definition 3.8. Let d, d' be two elements in lR° , we say that ExtJ^ (d, d') vanishes 
generally if there exists M € rep(Q, [d] + ), M' G rep(Q, [d'] + ) such that 

Ext^^ jM©0P,[l]®(-'^^),M'©0P,[l]®*"'^M =0 

\ di<0 d'.<0 J 

and we denote this by Extc^(d, d') = 0. 

Note in particular that for d, d' G N^", if Ext^^j (d, d') = then Ext^.Q(d, d') = 
and Ext^Q(d',d) = 0. 

Lemma 3.9. Let Q be an acyclic quiver and d, d' G Z^" such i/iai Ext^^ (d, d') = 0. 
Then 

XdXd' = Xd+d' ■ 

Proof. Assume that there is some i G Qo such that di < and d'^ > 0, then for 
every M' G rep(Q,d'), < = dimHomfcQ(Pi, M') = dimExt^^(M',P4l]) and 
thus Ext^^j(d, d') does not vanish generally. Thus, we can assume that di and d[ 
are of the same sign for every i G Qo, in particular, [d + d']+ ~ [d]+ + [d'] + . As 
ExtcQ(d,d') = 0, we have ExtfeQ(d,d') = and ExtfeQ(d',d) = 0, it follows from 
|CBS02| that the morphism 

rep(Q, [d] + ) X rep(g, [d'] + ) rep(g, [d + d'] + ) 

{U,V) ^ U®V 

is dominant. As ?7[d] (resp C/[d']+) is open in rep((3, [d]+) (resp. in rep((5, [d'] + )), it 
follows that ?7[d] ® t^[d']+ is open and dense in rep((3, [d + d']_|-). Thus, ^[d+d']+ = 
-'^[d]+^[d']+ and 

-'^d-'^'d' =-'^[d]+ ( Yl ^Pi[i]®(-<*i' ] ^[d']+ I n ^p,[i]^'-< 

\di<0 ) \di<0 

= -'^[d+d']+ X p.y^<S>{-(di+d>.)) 

= -'^d+d' 

□ 

The following proposition proves that generic variables are indeed generalizing 
cluster monomials. 

Lemma 3.10. Let Q be an acyclic quiver, fix x a cluster monomial in A{Q) with 
denominator vector 6 (x). Then 

Equivalently, if M is a rigid object, we have 

Xm — XdimM ■ 

Proof. According to theorem 11.31 if x is a cluster monomial, it can be written Xm 
for some rigid object M and theorem II .21 implies that d{XM) = dimM. Moreover, 
as M is rigid, we have [dimM]+ = dim H°{M) and [dimM]_ = dimPfl/[l]. 
H'^{M) being a rigid module in rep((5, [dimM]+), its orbit ©^"(m) is dense in 
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rep(Q, [dimM]-!.) and thus Oho(m) ^ C^[dimM]+ 7^ 0- This imphes that Xuo(m) = 
X[dimM]+- Now, we always have Xp^^-^i] = X[dij„M]_- It follows that 

X = Xm 

= Xh»(M)®Pm[1] 

= Xh»(m)Xp^j[i] 

= -'^[dimM] + -'^[dimM]_ 

but Ext^^ ([dimM] + , [dimAf]_) vanishes generally because M is a rigid module 
and so lemma EH] implies that 

-'^[dimM] + -''^[dimA/]_ = ^[dim Af] + + [dim A/]_ 
= ^dimM 

= Xs(^x) 

which proves the lemma. □ 

Through the works of jCKOSi ISZOl IGLSOSllCZOe] . it became clear that the Z- 
bases for cluster algebras should naturally contain the cluster monomials. Lemma 
I3.10l proves that they turn out to be generic variables. Moreover, the analogy with 
the works of |GLS08j in the context of preprojective algebras gives us the hope 
that the set of generic variables is a good candidate for being a Z-basis in cluster 
algebras. We thus get interested in the set of all generic variables. 

Definition 3.11. Let Q be an acyclic quiver, we denote by B'{Q) the set of all 
generic variables 

B'{Q)^{Xa : 

3.2. Generic variables for affine quivers. In this subsection, we obtain an ex- 
plicit description of the generic variables when Q is a quiver of afhne type. We 
denote by 5 its minimal imaginary root. We recall that the positive root system of 
Q can be written 

<i'>o(Q)-<f'>^o(Q)u<i>';i"o(Q) 

where ^^q{Q) is the set of positive real roots and — N(5 is the set of 

imaginary roots. For details concerning representation theory of affine quivers, one 
can for example refer to [Rin84| IDR76| . 

3.2.1. Generic variables associated to positive real Schur roots. 

Lemma 3.12. Let Q be an ajfine quiver and d be a ■positive real Schur root of 
Q. Then there exists an unique indecomposable rigid module M of dimension d. 
Moreover, Xd = Xm ■ 

Proof. As d is a real root, Kac's theorem ensures that there exists an unique in- 
decomposable representation M of dimension d. Moreover, as d is a Schur root, 
this representation has a trivial endomorphism ring. Now 1 — (d, d) = (M, M) = 
dimEndfeQ(M) - dim Ext ^.q(M, M) so dim Ext^g (Af, A/) = 0. It follows from 
lemma IXTUl that Xm = -'^^dimAf = -'^d- D 
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3.2.2. Generic variables associated to positive imaginary roots. We write = 
P^(fc) the index set of tubes in the AR quiver of kQ and by Pq the index set 
of homogeneous tubes. For any A £ P^, we will denote by 7a the tube indexed 
by A. If A e Pj, M\ denotes the quasi-simple in 7a and denotes the inde- 

composable module in 7a with quasi-socle M\ and quasi-length n. In particular, 
dimAfl"'' — nS for any n > 1 and A G Pq. 

It is convenient to introduce the so-called normalized Chebyshev polynomials of 
the second kind (called generalized Chebyshev polynomials of rank 2 in [ Dup09| ). 
For any n > 0, the n-th normalized Chebyshev polynomial of the second kind is 
the polynomial C„ defined by 



2k 
k=0 



On can refer to subsection 15.21 (see also |CZ06| and |Dup09| ) for details concerning 
these polynomials. 

The following lemma is proved in |CZ06| . we recall it for completeness. 



Lemma 3.13. Fix Q an affine quiver, n>l and A G Pg. Th- 



en 



X („) = Cn{X 



Mx) 

Proof. For any n > 1 and any A G Pq, we have an almost split sequence 
The almost split multiplication formula implies thus that 

A A A 

and thus that — Cn{M\) where C„ is the second kind normalized Chebyshev 

polynomial. □ 

We now prove that for an affine quiver, the Caldero-Chapoton map does not 
depend on the considered homogeneous tube. 

Lemma 3.14. Let Q be an affine quiver of affine type. Then for any A,/i G Pq 
and any n > 1, we have 

Proof. By lemma [3.131 it is enough to prove it for n = 1. For this, we recall 
Crawley-Boevey's construction of regular representations of dimension 5 by one- 
point extensions |CB92| . Let e be an extending vertex of Q, that is a vertex e G Qo 
such that (5e = 1 and that the quiver obtained from Q by deleting the vertex e is of 
Dynkin type. We denote by P = Pe the projective module associated to the vertex 
e and by p = dimP its dimension vector. Then the defect of P is 9p = — 1. Let 
L be the unique indecomposable representation of dimension vector <5 -I- p. Then 
L has also defect —1. Crawley-Boevey proved that HomfcQ(P, L) ~ k^ and that 
for every morphism 7^ A G HomfeQ(P, L), cokerA is an indecomposable regular 
module of dimension vector 6. Moreover, coker A ~ coker A' if and only if A = xX' 
for some ^ a; G fc. Then A — !■ coker A induces a bijection from PHonikQ {P, L) 
to the set of all tubes of Q by sending A G P}IomkQ{P,L) to an indecomposable 
regular module of dimension S. We thus identify PHornkqiP, L) and P^ and we will 
say that A G Pj to signify that coker A is a quasi-simple in the homogeneous tube 
7a. Note that in this case M\ ~ cokerA. 
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Fix 7^ A G HonifeQ(P,i), then 

ExtcQ {P, coker A) ~ Ext^g (P, coker A) © Ext^g (coker A, P) 
~ ExtfcQ (coker A, P) 
Ci: HonifeQ (P, coker A) 
~ A; 

because P = Pe and e is an extending vertex. 

It follows from Caldero-Keller's multiplication formula that 

XpXcokor A = Xl + Xb 

where B ~ ker/ ©coker /[—I] for some morphism 7^ / G Hom/jg(P, rcoker A). 

Fix A e Pq. Assume that / is not surjective. Then Im/ is preprojective and we 
have a short exact sequence 

— > ker / — > P UlrcL f — > 

and thus 9koi /+9iin/ = dp = —1 but ker / and Im / are preprojective so necessarily 
i9ker/ — and ker / = 0. It follows that B ~ r^^coker /. But 

dcokerf — d(^rcoker \) / P = —dp = 1 

and rcokerA ~ coker A is quasi-simple in an homogeneous tube. Thus, coker / is 

preinjective and by defect, it is indecomposable. Moreover, dim coker / — S p. 
Thus, for every A € and every non-surjective map 0^ f € HomfeQ(P, rcoker A), 
coker/ is the unique indecomposable representation V of dimension 5 — p. If 
there exists some non-surjective / G Hom/jQ (P, rcoker A) , then / is injective, so 
dim P ^ 6 and thus every map g G HonikQ (P, rcoker A) is non-surjective for any 
A G Pj. Thus, 

XpXcokcr A = Xl + Xy[—1] 

for any A G Pq. In particular, Xmx does not depend on the parameter A G Pj. 

Assume now that 7^ / G Hom^g (P, rcoker A) is surjective. Then ker / is a 
preprojective module of dimension p — S. Thus, ker / has defect —1, it is thus 
necessarily indecomposable. As there exists an unique indecomposable representa- 
tion U of dimension p — i5, it follows that ker / ~ [/ for every A G Pj and every 
surjective / G Hom^Q (P, rcoker A) . Then, it follows from the above discussion that 
if one of the / G HomfeQ(P rcoker A) is surjective for some A G Pj, then every 
/ G Homfeg(P, rcoker A) is surjective for any A G Pq. In this case, we get 

XpXcoker A = Xl + Xu 

for every A G Pj- In particular, Xm^ does not depend on the parameter A G Pj. □ 

If is a quasi-simple module in an exceptional tube T, we denote by iJ^"^ the 
indecomposable module with quasi-socle E and quasi-length n. If p is the rank of 
T and /c > 1 is an integer, we will simplify the notations by writing m'"^^ = E^^p^ 
and Me = E^p\ Note in particular that dimM^*'^ = k5. 

Lemma 3.15. Fix n>l a positive integer. Then 

XnS = -^Mx 

for any A G Pj- 

Proof. We first prove it for n = 1. The canonical decomposition of (5 is 5 itself. It 
follows that Xs = Xm for some indecomposable module M of dimension vector 5. 
Now, we know that the indecomposable modules of dimension vector 5 are either 
the M\ for A G Pj, or the Me for E quasi-simple in an exceptional tube. Fix now 
a quasi-simple E in an exceptional tube, we claim that Gr^im e{M) = for any 
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indecomposable module M of dimension vector S not isomorphic to Me- Indeed, 
fix A G Pq and U C Mx a submodule such that dim U — dim E. As AIx is quasi- 
simple, U has to be preprojective and thus djj < but du — Oe = 0, which is 
a contradiction and thus Grdim£;(-^^A) — 0- Fix now F another quasi-simple and 
assume that U C Mp is a submodule such that dimJJ = dim£'. It follows that 
U decomposes into U = Up (B Up where Up is preprojective and Up is regular. As 
djj = dp = 0, we have Up = and thus Up, is regular. Now dimC/^j = dimi? but 
Up is a regular submodule of Mp. By uniseriality of the regular components. Up 
has to be indecomposable. As dimi? is a real root, it follows that E ~ Up C Mp 
and thus F — E. As the G^-orbit of Mp is not open, it follows that the value of 
x(Grdim £;(—)) has to be zero on Us,dimE and so Usr\0]\ij^ = for any quasi-simple 
E in an exceptional tube. It follows that 

UsnMs c IJ Om,. 
Thus, Xs — Xmx for some A £ Pj and lemma [5 . 1 41 implies that Xg = Xm^ for any 

AePi. 

Now if n > 1, the canonical decomposition oi n6 is S ® ■■■ (B 6. Proposition 13.71 
implies then that 

□ 

Remark 3.16. Note that it is not clear at this time that Xme Xmx if A G PJ 
and i? is a quasi-simple in an exceptional tube. It will appear in theorem 13. 251 that 
these values are in fact always different and that the difference can be completely 
described. Moreover, it will also turn out that if E and F are non-isomorphic 
quasi-simple modules taken in exceptional tubes, then Xme Xmf if E and F do 
not belong both to tubes of rank 2. 

3.2.3. Generic variables associated to positive real non-Schur roots. Now, it remains 
to compute when d is a real root which is not a Schur root. If d is such a root, 
then according to Kac's theorem, there exists an unique indecomposable module 
M of dimension vector d. If M is preprojective or preinjective, it is known that 
EndfeQ(M) ~ k and thus d is a real Schur root. It follows that M has to be a 
regular module and (5 ^ d (see |CB92) for example). It is proved in |Kac82| that 
d = i5©---©(5©do where do is the root of smallest height in (d -t- 1.5) n <I>>o(Q)- 
In particular, do is a real Schur root. The following proposition gives an explicit 
description of Xd in this case. 

Proposition 3.17. Let Q be an ajfine quiver, d be a real root which is not a Schur 
root and write d — (5®" do its canonical decomposition. Then 

Xd = X'Ij^Xmo 

for any A G Pq and AIq being the unique indecomposable module of dimension vector 
de- 
Proof. According to lemmas 13.121 and 13.151 Xd„ = Xmq where Mq is the unique 
indecomposable module in rep((3,do) and Xns — X'g — X^^j^ for any A G Pq. 
Proposition 13 . 71 implies then that 

Xd — XnsXda = X^j^Xmo- 

□ 

We can now give a complete description of the generic variables: 
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Proposition 3.18. Let Q be an affine quiver and d G , denote by £ a set of 
representatives of isoclasses of regular modules M. Then 

B'{Q) = {cluster monomials} U |Ar7Vf®"ffi£; ■ ^ 1; ^ ^ add£ is rigid^ 

Proof. Fix d G Z'^" . write [d]+ = '^'''®®r=i ^^'^ canonical decomposition of [d]_|_. 
If fc ^ 0; then as S is sincere, we have d G . According to proposition 13.51 and 
lemma 13.151 there is some M in 2Hd H Ud such that 

k n 

M = Ma, © 

j=i 1=1 

where the Xj G are pairwise distinct and the Mi are indecomposable rigid mod- 
ules such that EndfeQ(Mj) ~ k and ExtlQ{M,,Mi) = Oiii^l. 

If one of the Mi is preprojective, then there is some vertex v G Qo and some 
integer s > such that Mi ~ t^'^Pv and then 

ExtJ(M„MAj = Homc(P., A/aJ - dimA4x,{v) = = 1 

which is a contradiction. Similarly, none of the Mi can be preinjective. It follows 
that each Mi is regular and thus the Mi are indecomposable regular modules in 
exceptional tubes such that dimMi ^ S. As Ext^Q(Mi, Mi) = for i ^ I , it follows 
that Mi is regular rigid. 

If A: = 0, then M G SHd n J7d is rigid and thus M © 0rf^<o Pt[l]®^''' is a rigid 
object. Thus is a cluster monomial. 

This proves the inclusion 

B'{Q) C {cluster monomials} U m^'^qe ■ — 1; ^ a.dd£ is rigid| . 

We now prove the reverse inclusion. According to lemma [5.10l it suffices to prove 
that j^^jS),^^^ : n > I E €z add£ is rigid| C B'{Q). Assume that E G &dd£ is 
rigid. Then XdimE = Xe by lemma r3.10l On the other hand, A^^j®" = Xns by 
lemma [B.15I Fix now Ai, . . . , A„ pairwise distinct elements in Pj, as there are no 
extensions between the tubes we have 

Ext^^ {E, Mx, © • • • © Ma„ ) = 
so Ext^Q (dimi?, n(5) vanishes generally and by lemma [3791 we have 

Xdim E+nS = Xdim EXnS — X^^j^jBn 



and this proves the proposition. 

It remains to notice that the union is disjoint. Indeed, fix Xd = ^Af®"e£ ^^^^ 
E rigid in a,dd£ and n > 1. Fix Ai, . . . , A„ pairwise distinct elements in Pg, and 
decompose E — Ei (B ■ ■ ■ (B E„i into indecomposable summands. Then 

Mai © • • • © Ma„ © Si © • • • © 

is a direct sum of Schur representations such that Ext^Q(C/, = for any two 
indecomposable direct summands [/, V . It follows that 

n 

d = ffi0dim£;, 

1=1 

is the canonical decomposition of d. As dim Ext J.q(M, M) ^ for any representa- 
tion in rep((5,n(5) for n > 1, there cannot be any rigid module in rep((5,d). The 
denominators theorem ensures then that there is no rigid object M in Cq such that 

Xm = Xd- □ 
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3.3. Generic variables as generators in type A. FoUowiiig the ideas of |CK08| . 
in order to prove that B'{Q) is a Z-basis in A{Q) when Q is afhne of type A. We 
first prove that every Xm can be written as a Z-hnear combination of . We will 
do it in two steps: the first step will consist in a study of the values of Xm when 
M is indecomposable and the second step will be devoted to the case where M is 
decomposable. 

Fix M an indecomposable object in Cq. If M is in the transjective component. 
Then M is rigid and thus lemma [5 . 101 implies that Xm G B'{Q). Assume now that 
M is not in the transjective component. Then there are three possibilities: 

• dimM is a real Schur root, 

• dimM is an imaginary Schur root, 

• dim M is a positive non-Schur root. 

In the case dimAf is a real Schur root, M is rigid and thus Xm £ B'{Q) by 
lemma [5. 101 The other cases need a deeper study. 

3.3.1. Modules from homogeneous tubes. 

Lemma 3.19. Let Q be a quiver of affine type, A e Pj and n>l. Then 

e ZB'{Q). 

Proof. We first note that Xm^ — G B'{Q). Now, if n > 1, it follows from corol- 
lary [2t31 that X ^j(n) = Cn{XMx)- As Cn is a polynomial of degree n with integer 

coefficients, X ^^[n) is a Z-linear combination of X^^^ for k ~ 0, . . . ,n. According 

to lemma [3. 151 X^j^ — XnS for any n > 1 and then X ^^[n) G ZB'(Q). □ 

3.3.2. Modules from exceptional tubes. From now on, we focus on the case where 
Q is a quiver of affine type A which is not isomorphic to the Kronecker quiver. We 
fix a quasi-simple module E in an exceptional tube of rank p > 1. We denote by 

the unique indecomposable module of dimension vector n5 (or equivalently 
of quasi length np) and quasi-socle E. If M is indecomposable regular, we denote 
by q.radM its quasi-radical. We prove that for any n > 1, X.,(-n) G 1B'{Q). First, 
we prove the striking difference property 

Xme — ^Mx + -'^q.radMs/B 

for any A G Pj. This will be one of the essential points of this article and require 
preliminary results. 

In our study, grassmannians of submodules of the quasi-simple modules M\ will 
be of great interest. The following lemma simplifies this study in the particular 
case of a quiver of type A. 

Lemma 3.20. Let Q be an acyclic quiver, d £ N*^" be a dimension vector such that 
di < 1 for any i G Qq. Fix M £ rep((5, d) and e < d another dimension vector. 
Then j/Gre(M) ^ 0, it is a point. In particular, we have x{GTf,{M)) = 1. 

Proof. Assume that Gre(Af) ^ and fix e Gre(Af). For every i such that 
ei 7^ 0, N{i) is a non-zero subspace of the one-dimensional vector space M{i) and 
then N{i) = M{i). Thus, N is the representation given by 

M{i) iie.^O 
otherwise 

and N{i — > j) = M{i — >j)\N{i)- Therefore, Gre(A/) = {N} is a point. □ 

The following theorem will be referred to as the Schofield's theorem. It is of a 
great use in the study of grassmannians of submodules. 
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Theorem 3.21 f |Sch92| ). Let Q be an acyclic quiver and d, e e N"^" such that 
ExtfcQ(d, e) = 0. Then any representation of dimension vector d + e contains a 
sub-representation of dimension vector d. 

Lemma 3.22. FixQ a quiver of affine type A, E a quasi-simple module in an excep- 
tional tube, A G Pj and v a dimension vector. IfGTy(M\) ^ 0. Then¥;xtl,Q{v,S — v) 
vanishes generally and xiGTj,{M\)) — x(Gr„(M£;)). 

Proof If V = (5, then Gts{Mx) = {Ma} and Gts{Me) = {Me} so 

x{Gts{Me)) = Gts{Mx) = 1. 

Assume now that v ^ (5 is such that Gtv{M\) ^ and fix some proper submodule 
V C M\ of dimension vector v. Then V is preprojective and M\/V is a direct sum 
of preinjective or regular modules. It follows that Ext^.Q(y, M^/F) = and thus 
Ext^Q(v, ^ — v) = 0. According to theorem 13.211 everv representation of dimension 
6 contains a sub-representation of dimension v. In particular, Gr^iME) ^ 0- Now, 
lemma [5. 201 implies that x{Gts{Me)) = x{Grs{Mx)) = 1 and the lemma is proved. 

□ 

Proposition 3.23. Fix Q a quiver of affine type A, E a quasi-simple module in 
an exceptional tube, A G Pj and V C Me a proper submodule of dimension vector 
V. The following holds: 

(1) IfE^V, thenGT,iMx)^9, 

(2) IfEcVc q.T&dME, then Gr^{Mx) = 0, 

(3) IfE(zV(^ q.radMfi, then Gr^{Mx) ^ 0. 

Proof. First we notice that if C Me, V does not have any preinjective summand. 
We thus write V ^ Vp QVr with Vp preprojective and Vp regular. Note also that 
the uniseriality of the regular components force Vp to be indecomposable and to 
contain E if it is not zero. 

li E V, then Vp = and V ~ Vp is preprojective. Me/V being a direct sum 
of regular and preinjective summands, it follows that Fjxtl.Q{V, Me /V) — and 
thus theorem [33T] implies that Grv(AfA) ^ 0- This proves the first point. 

If E' C V^, then V is not preprojective. Now Me/V is a direct sum of regular 
and preinjective summands. It follows that 

Exti.Q(F, Me/V) ~ RouikQiME/V, tV) = RouikQiME/V, rVp). 

As _B C y C q.radAf^;, we have 

Ms/q-radME {ME/V)/{q.TSidME/V) 

and thus tE ~ Me / q.radAlE is a quotient of Me/V. In particular the space 
HomfcQ (Ms/y, ri?) is not reduced to zero. As tE C rVp, we get 

RomkQ{ME/V,TVR)^0 

and thus 

ExtlQ{V,ME/V)^0. 
As 5i — I for every i ^ Qq, it follows that HomfcQ(y, Me/V) = and thus 

(v, 5 - v) < 0. 

In particular, for any two representations X and Y of respective dimensions v and 
(5 — V, we have Ext^g {X, Y) ^ and thus ExtJ,Q (v, (5 — v) does not vanish generally. 
It thus follows from lemma [5.221 that Grv(AfA) = 0. This proves the second point. 
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Assume now that E <Z V (f_ q.radAfs. As C V^, Vr ^ 0. Now if Vp = 0, 
V = Vr is a proper regular submodule of Af^;, it is thus contained in its quasi- 
radical q.radA/^;, this is a contradiction and thus V — Vp (S)Vr \& B. non-trivial 
decomposition. We now prove that ExtJ.Q(yR, Vp) ^ 0. We denote by 

TT : Me — ^Mfi/q.radMfi ~ tE 

the canonical projection. ksV (f. q.radM^;, 7r(l/) ^ and thus 7r|y : y — >tE is a 
non-zero V" — !• ri?, thus 

HomfcQ(F,T£;) ~ HomfcQ(Vp,T£;) ©HomfcQ(VR,T£;) 7^ 0. 

As i? C Vr C q.radAf^;, the combinatorics of tubes proves that 

HomfcQ(T/fl,ri;) =0 

and thus HomfcQ(Vp, t£') ^ 0. As ri? C tVr, it follows that Homi:Q(yp, tVr) 7^ 
and thus ExtfcQ(yR, Vp) ^ 0. 

Fix now a non-split short exact sequence 

(3) — >Vp^X^Vr — S-O, 

we prove that X is preprojective. Applying the functor HomfcQ(— ,Ma) to the 
sequence, we get a long exact sequence 

0-^ HomfeQ(Ffl, AfA)— > HomfcQ(X, Af^)^ HomfcQ(yp, A/a) 

ExtiQ(yfl, A/a)^ Exfig (X, AfA)^ ExtiQ(l/p, A/a)^ 

As there are neither morphisms nor extensions between the tubes, we get an iso- 
morphism 

HomfeQ(X, Mx) ~ HomfcQ(Fp, A/a). 

More precisely, every morphism Vp — >Mx factorises in Vp — ?• X — >Mx. De- 
compose X — Xp © Xp ® Xi into preprojective, regular and preinjective direct 
summands. As Pj is infinite, we can assume that A is chosen such that Vp ^ 7a 
and thus HomfcQ(Xfl, A/a) = 0. Consider the inclusion / : Vp — >Mx. Then there 
is a factorization 

Vp^^^-^Xp®Xn®Xj^^Mx 

and thus / — giii factorizes through ii. In particular, zi is injective and thus 
Vp C Xp. Also, we have dim AT — dimV < S so dimA(z) < 1 for all i. It follows 
that HomfcQ(yp,Ap) = RorukQiVp, Xj) — 0. Thus 12 = ^3 = and then the 
sequence ^ gives 

Vp ~ X/Vp ~ Xp/Vp ®Xr® Xp 
Now Vp is regular so Xj = 0. It follows that dxp = dx = dv — dvp and thus 
Xp/Vp is a regular module. By uniseriality, Vp is indecomposable and thus either 
Xp/Vp is zero, or Xp is zero. If Xp/Vp is zero, the sequence ([3]) splits, which is a 
contradiction. It follows that Xp = and thus that X = Xp is preprojective. 
As Me/V is a direct sum of regular and preinjective summands, we thus have 

Ext^Q(A,A/B/y) =0 

and thus Ext J.q (v, 5 — v) vanishes generally. By theorem 13.211 we thus have 
Grv(AfA) 7^ and this proves the last point. □ 

Definition 3.24. We say that a quiver Q of afhne type satisfies the difference 
property if for every quasi-simple module E in an exceptional tube, the following 
identity holds 

(4) Xm^ = Xm, + Aq 
for any A e Pj(Q). 
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Theorem 3.25. A quiver Q of affine type A satisfies the difference property. 

Proof. For any dimension vector v, proposition 13.231 and lemma [3.201 implv that 

Grv(AfA) ^ ^ Gr^(q.radM£;) = 

where Gr:^(q.radAf£;) denotes the modules M G Grv(q.radAf£;) such that E C M. 
Moreover, if Grv(M£;) ^ and Grf (q.radAfi;) = 0, we have x(Grv(MA)) = 
x(Grv(AfB)) = 1 andif Grf (q.radAfe) 0, we have x(Gr^(q.radM£;)) = x(Grv(AfE)) 
1. 

We write e = dim E, we have 



— (v.a.j) — (Qi,(5— v) 



. J2 x(Grv(A/s))n 

Gr^(MA)=0 I 



J2 xiGTAME))Yl 

Grv(MA)=0 I 

-■Xm,+ E x(Grv(Af£))n 

Giv(A/a)=0 » 



— (v.Qv) — (ai,5— v) 



Now. we have 



Grv(MA)=0 i V i 

As 

Gr^(q.radMB) — > GT^-^q.radME/ E) 
U ^ U/E 

is an isomorphism, it follows that 

E x(Gr.(A//^))n"r^""'^"^"*''"^^ = E^(Grv-e(q.radA/^/i?))n^7^"^ 

Gr^(MA)=0 I V i 

But if we write n = dimq.rad(M£;/i?) = 5 — c(e) — e where c is the Coxeter 
transformation, we compute 

- ((v - e),a.i) - {ai,n- (v - e)) = - (v - e,ai) - {a.i,5 - e - c(e) - v + e) 

= - (v, ai) - {ai, 6 -^f) + (e, Ui) + (a^, c(e)) 
= - (v,ai) - (ai,5 - v) 

and thus 

^q.radM./s = ^ ^(Grv-e (q.radA/^,/£;)) J] ^7 ^^""''^ ^ " ^^"''^^ 



Ex(Grv-e(q.radMi;/£;))J] 



E x(Grv(A/i5))n^i. 

Gr„(j\/A)=0 



— (v,ai) — (Qj,(5 — v) 
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This implies that 

Xmb = ^Mx + -'^q.radME/B 

□ 

Corollary 3.26. Let Q he a quiver of affine type satisfying the difference propeHy. 
If E is a quasi-simple module contained in a tube of rank p > 2. Then Xme 
for any quasi-simple module F E in an exceptional tube. 

Proof. As E is contained in an exceptional tube of rank p > 2, it follows that 
q.radMs is of quasi- length Z > 1 and thus q.r&dME/E is a non-zero indecomposable 
rigid module. Fix F a quasi-simple not isomorphic to E. Then q.radMF/_F is an 
indecomposable rigid module which is not isomorphic to q.radM^/iJ. It follows that 
dim q.radMi?/F dim q.radM^/iJ and thus the denominators theorem implies 

that -'^q.radMp/F 7^ -'^q.radMe/B- ThuS, 



Xmb = + -''^q.radME /E 7^ + -''^q-radMp /F = ■ 



□ 



Remark 3.27. It is conjectured that every quiver of affine type satisfies the dif- 
ference property 

Example 3.28. The most simple case of affine quivers after the Kronecker quiver 
are the quivers of affine type A2,i. They are all isomorphic to 





Q: 

The Auslander-Reiten quiver of fcQ-mod contains only one exceptional tube of rank 
2. The quasi-simple modules of this tube are given by 



Eq : 

and 



El ^ S2 ■ 

satisfying tEi ~ Eq and tEq ~ Ei. The corresponding indecomposable modules 
of dimension 6 are: 



and 
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For any ^ A G fc, we set 



and we set 







■k 



We identify and k U {oo}. Then the Mx for A e \ {0} are quasi-simple 
representations in homogeneous tubes and Pj((5) = P^ \ {0}. 
The foUowing table sums up the situation where A £ Pj(Q): 



e 


[000] 


[001] 


[010] 


[100] 


[Oil] 


[101] 


[110] 


[111] 


Gre(AfA) 





















Mx 


x(Gre(MA)) 


1 


1 








1 








1 







^3 










Eo 







x(Gre(M£„)) 


1 


1 








1 


1 





1 







S3 


El 





S2®S3 





El 


Me, 


x(Gre(MsJ) 


1 


1 


1 





1 








1 



It is important to note that even if the grassmannians of dimension [Oil] have 
the same Euler characteristic, they are not equal. More precisely, 

Gr[oii](AfBj = {^2©53} 

whereas 

Gr[oii](MA) = Gr[on](MBo) = {^2} ■ 
With the notations of proposition 13.231 if F 5*2 ® 5*3 , we have Vp = S^.Vr — S2 
and there is a non-trivial extension 



0- 



■0, 



• S'3 — > P2 — > S2- 

illustrating the second point of proposition 13.231 

Now, if we compute the generalized variables corresponding to these modules, 
we find: 

' ' U3U1M2 +1*1+ "3 



X 



Me 



= X 



Me 



U2ul 



W2U3 



M1U2U3 



and 



Xmx - 



U2uf -I- Ml -I- U3 



M2U3 



= X 



Me 



- 1. 



U1U2U3 

As q.radM^. ~ Ei for i = 1,2, it follows that q.radM^^/i^i — 0, this illustrates 
theorem 13.251 

Remark 3.29. Note that the tubes of rank 2 give nice examples of modules giving 
the same generalized variables but having different characteristics of grassmannians. 

Example 3.30. Gonsider the quiver of affine type A3,i: 

2 



Q : 1 



4 
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For any A G /c, we set 



and 



k ^ k 

1 / \ A 



k ^k 

1 / \ 1 



We identify and k U {oo}. Then, for any A G P^(fc), M\ is an indecomposable 
representation of dimension 6 and moreover, if A ^ 0, then M\ belongs to an 
homogeneous tube and Pj((3) = P^ \ {0}. 
The representation 

^k 



is quasi-simple and, is given by 




El = T-'^Eo 



^0 




-^0 



k- 



-^k 



E2 = T '^Eq : 

and t~^Eo = Eq. Thus Eq is contained in an exceptional tube of rank 3 and 
moreover Mq = Meq- 
The tube is thus 




Eq E- 



FiGURE 2. The exceptional tube of A^^i 
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Note that q.radAfo = and q.radAfo/i?o = Ei. We compute the correspond- 



ing generahzed variable and we get 



U2 



We now compute the grassmannians for some A S Pj. We only write dimension 
vectors for which one of the two considered grassmannians is non-empty: 



e 


[0000] 


[0001] 


[0010] 


[0110] 


[0011] 


[0111] 


[1111] 


Gre(MA) 















P2 


Ma 




1 


1 








1 


1 


1 


Gre(Afo) 







Eo 


^0 


Ea © Sa 




A/o 


x(Gre(AfBj) 


1 


1 


1 


1 


1 


1 


1 



A direct computation gives: 



Xmo = 



W1U4M3 -I- U3U1U4 + M3U2M4 + U4U3 + U3U2U1 + U1U4 + U2U1 
U1U2U3U4 



and 



Xhh - 



U3U2U1 + U2U1 + U1U4 U4U3 + U3U2U4 



U1U2U3U4 



Computing the difference, we get 



X 



Mo 



Xm. - 



Ul + U3 
U2 



= Xf 



this illustrates theorem 13.251 

It is interesting to note that for e = [0011], V G Gre(A/o) is the representation 
Eq (B S4. Using the notations of proposition I3.23[ V]i — Eq, Vp — S4 and P3 G 
Gre(A/A) is indeed the central term of an extension 

— ^5*4 — >P3 — >Eo — ^0, 

illustrating proposition 13. 231 

Corollary 3.31. Fix Q a quiver of ajfine type satisfying the difference property, E 
a quasi-simple module in an exceptional tube. Then Xme ^ 'ZB'{Q). 

Proof. If we denote by p the rank of the exceptional tube containing E, q.radA/^; / E 
is an indecomposable regular module of quasi-length p—2. lip = 2, then q.radAf^ / E 
is zero and thus equality ^ implies that 

1 e m'{Q). 



Xme 



X 



If p > 2, it follows that dimi? is a Schur root and that A"q j-adAfE/E = -'^dimq.radAfE/E G 
B'{Q). Now, we know that Xm^ = Xg ^ B'{Q) so equality @ implies that 

Xme e ZS'(Q). □ 

We now want to prove that X.a^) is generated by B'iQ) over Z for any n > 2 
and any quasi-simple E in an exceptional tube. 

Proposition 3.32. Let Q he a quiver of affine type satisfying the difference property 
and T be an exceptional tube in the AR quiver of Q. Then Xm G 1B'{Q) for any 
module M in add T. 

Proof. We prove it by induction on the dimension vector of M . If M is quasi- 
simple, then dimAf is a real Schur root and Xm G B'{Q). Assume now that M 
is not quasi-simple and that for any N in T such that dimA^ < dimAf, we have 
Xjv € 'ZB'{Q). We denote by p the rank of T and Eq,. . ■ , -Ep-i the quasi-simple 
modules of T ordered such that rEi — Ei^i for every i G Z/pZ. 
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Assume first that M — M^j!^^ for some quasi-simple module E in T- From 
equality we have 

Xme = ^Mx + X(i.ia.MlE/E 

Thus, by induction, 

X^Me - e ZB'iQ) 

but X^j^ = Xns e B'iQ) so X^j^ e ZB'iQ). 
Now, we know from [DupOQ that 



where P„p.p denotes the np-th generalized Chebyshev polynomial of rank p. In 
particular 

Y 

where SY,n are integers and Y runs over modules of the form ^^Zq £'®"' with 
J^nidimEi ^ n^. In particular. 

Xme g -'^Boe-'-e-Ep.i + sy,iXy 

Y 

and thus 

Y 

where the ty are integers and Y run over modules of the form ©fr^ E®"-^ with 
^riidimiJi ^ n5. It follows that 

^M<,"' = ^Me + ^^^^ 
Y 

where the ky are integers and Y run over modules of the form ©^Zq^ 

^ nidim_E,; ^ n^. As ^jjV^, G ZB'{Q) by the above discussion and all the Xy are 

also in "LB^Q) by induction, we get X a^) G ZB'{Q) for every n > 1. 

Now assume that M is indecomposable but not of the form . Then dimM 
is a real root. If dimM < S, then dimA/ is a real Schur root and Xm G B'{Q). 
We can thus assume that 5 < dimAf. More precisely, dimA/ — (5®" /3 where /3 
is a real Schur root. We write N the unique indecomposable of dimension vector 
/3, it belongs to T and we have an extension 

— > N — > M — > a4"' — > 

for some quasi-simple module E in T. Note that 

dimExt^Q(A^, a4"^) = dimHomfcQ(Af^"\ riV) = 1, 

so it follows from the multiplication formula (see also |Dup09j ), that 



Xj^j(n)XN — Xm + Xb 



where B ~ ker/ © coker/[— 1] for some morphism / : Af]j"'' — >tN . In particular 
dimS ^ dim A^ + nS = dimAf and then, by induction Xb G "LB^Q). Now, the 
above discussion proves that 
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where the ry are integers and Y runs over modules in add T such that dim Y ^ n6. 
In particular, 

Xj^mXn = X^i^Xn + ^ ryXy^N 
^ Y 

eXnsXp + ZB'iQ) 
eXns+p+ZB'{Q) 
e ZB'iQ) 

and thus Xm = X..(,.)Xn - Xb e ZB'{Q). 

Now assume that M is decomposable. Then M = Mi M2 for some regular 
objects Mi,M2- But according to proposition 12.141 we can write Xm as a linear 
combination of Xy where Y = Y^ (indecomposable decomposition) is in addT 

such that Extl^{Y,,Yj) for i ^ j. We prove by induction on the dimension 
vector that Xm can be written as a Z-linear combination of Xy where V is of the 
form M^Xr where i? £ add T is rigid, A G Pq and A: > 0. In particular, each Xy 
will belong to B'{Q) and thus Xm e ZB'{Q). 

Fix some integer 1 < i < n. The indecomposable summand Yi is of the form 
El for some integer > and some quasi-simple module Ei. Let denote by 
p the rank of the tube T and write Ui = kip + with < < p the euclidean 
division of rii by p. By theorem 12.81 we can write 

Xy^ = X ^{Ti)X ^^(ki) + Xb 

with dirnS < dimFi and Fi a quasi-simple in T- Now, thanks to the difference 
property X (ki) can be written 

M p 

^M<^'' = ^M, + rz^Xz, 
dim Zi<ki5 

where Zi 6 add(T'). 
Then 

n 

Xy ^ YlX^^^^X^I^ + ^ SuXu 

i—l dimt/<dimy 

with U £ add (T). By induction on the dimension vector, each Xjj can be written 
as the expected Z-linear combination. 
Now 

n 

■ , ^J = l J 

l—l 

If kj = for every j — 1, . . . ,n, then each Yj is rigid and thus Y is rigid and 
the result holds. Otherwise, dim Q^^^ Ej^'^ < dimy and thus, by induction, 
X (rj) can be written as a Z-linear combination of X^ Xfi with R rigid 

in addT and thus JlILi "'^b'^^^Ma ^® written as a Z-linear combination of 
X^^^'^^ ^X/j, which proves the assertion. □ 

Corollary 3.33. Let Q be a quiver of ajfine type satisfying the difference property. 
Then for any indecomposable object M in Cq, we have Xm £ Q_B'{Q). 

Lemma 3.34. Let Q be an affine quiver satisfying the difference property and 
Y = ® j be an object in Cq such that Fixtl,(Yi,Yj) = for any i ^ j. Then 
XyeQB'iQ). 
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Proof. If all the indecomposable direct summands of Y are rigid, then Y is also 
rigid and thus Xy G B'{Q). We thus assume that Y is not rigid. 
Write 

r = yp e n 

where Yp has all its direct summands in the transjective component and for any A 
in P^, Y\ has its direct summands in the tube 7a. 

If 1a = for every A G , then F = Yp is rigid, thus we can assume that Y\ ^0 
for some A e and that Y\ has an indecomposable direct summand M such that 
Ext^Q(M,M)^0. 

Assume that Yp ^ and fix an indecomposable direct summand N of Yp . Then 
N = Pi[s] for some i E Qo and s G Z. As M is an indecomposable regular non-rigid 
object, if follows that dim A/ is sincere and so is dimr^^^M ~ M[l — s]. 

^ dimT^-'M{i) 
= dimBomkQin, T^-'M) 
< dim Home M[l - s]) 
= dim Home (P4s],M[l]) 
= dimExt^(Af,Pi[s]). 

so that Ext^(M, Yp) =/= which is a contradiction. Thus, Yp and 

We now prove by induction on the dimension vector of Y that Xy G QB'{Q). 
If Y is a quasi-simple module, then either Y = Af^ for some /i G Pq or Y is 
quasi-simple in an exceptional tube and is thus rigid. In both cases Xy G B'{Q). 

We now return to the general case Y = X\- Y\ — Q for all A G P^ \ Pj, 

then it follows from corollary 13. 131 that Xy^ is a polynomial in Xg. Thus, Xy is 
also a polynomial in Xs and thus as Xns = Xg for every n > 1, Xy is in ZB'{Q). 

From now on, we assume that Y\ ^ for some A G P""^ \ Pj. 

We claim that 

Xy, = X^Xr, + "-^^Z 
AimZ<dimYx 

for some integer n\ > 0, some rigid module Rx G addT^ and some rational numbers 
rz indexed by modules Z G add 7a. We prove it by induction on the dimension 
vector of Y\. 

If Y\ is quasi-simple, then Rx = Y\ gives the result. Assume now that Yx is any 
indecomposable module in 7a. Then it follows from the proof of 13. 321 that 

Xy — X (,^)Xn — Xb 

for some quasi-simple _E in 7a ; some integer n > 1 and some regular module B such 
that d\m.B ^ dimY. In particular 

Xy = XIj^Xi, ^Y.'^.Xz 

where Z runs over objects in 7a such that dim Z ^ dimY. This proves the claim 
for Yx indecomposable. 

Assume now that Yx is decomposable. Then each indecomposable direct sum- 
mand of Yx satisfies the claim. Using inductively proposition I2.14[ we prove the 
claim for any Ya G 7a- 
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As for any A G Pj, Xy^ is a polynomial in Xg, it suffices to prove that 

^5 n Xy^^ZB'iQ) 

for any A £ Pq and for n < no where hqS = dim 0^gpi Y^. We have 

n xy,=x2 n \x8'Xr,+ e '^^^h 

AePi\Pj!j AePi\pi \ dimZgdimrA / 

where the A run over \ Pfj- Note that for any n < no, we have 

dimZ -^n5 + ^Yx< dimZ <no5 + ^Yx= dimF. 

A A 

By induction on proposition 12.141 we can moreover assume that all the Xz 
satisfy the hypothesis of the lemma. Thus, by induction, it follows that all the Xz 
occurring in the last sum are in QB'{Q). 

As there are no extensions between the tubes, Rx is rigid and thus it follows 
from proposition 13.181 (and also from lemma 13. 9p that 

□ 

We are now able to prove that generic variables generate the cluster algebra in 
affine type A. 

Proposition 3.35. Let Q he a quiver of affine type satisfying the difference prop- 
erty. Then every element in A{Q) is in the Q-vector space generated by B'{Q). 
Moreover, every element of B'{Q) belongs to A{Q). 

Proof. We first prove that B'{Q) C A{Q). If Q is the Kronecker quiver, this is 
proved in |CZ06| . Assume now that Q is not the Kronecker quiver, it thus contains 
an exceptional tube. 

Fix d a dimension vector. If d G Z<o, A^d is a product of Ui and is thus in A{Q). 
As Ad = A[(i]^ A'[(j]_ , it suffices to prove the result for d G . 

If d is a real Schur root, then there exists an indecomposable rigid module 
M G rep((3,d) and thus theorem 11.31 implies Xm is a cluster variable. 

If d = ^, then Ad = Xm^ for some A G Pj. Fix E a quasi-simple module in an 
exceptional tube 7", we know from |Dup09| that Xme is a polynomial in the X^;. 
where the Ei are the quasi-simples of T. In particular each A^^ being a cluster 
variable, it follows that Xme G A{Q). As q.radM^/E' is indecomposable rigid, 
Xq.radME/E is also a clustcr variable and thus 

Xs = Xm)^ = Xmj^ - Aq i-adA/E/B £ A{Q). 

Now. we know that Ad G A{Q) for any Schur root d. Fix now any element 
d G , and write d = ei © • • • © e„ its canonical decomposition, then every 
is a Schur root and thus Ag. G A{Q) for every i — 1,. . . ,n. Now proposition 13.71 
implies that 

n 

Ad = n^-. e^(Q), 

this proves the claim. 
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Fix now an object M in Cq. According to proposition l2.141 Xm can be written 
as a Q-linear combination of Xy where Y — 0^ Yi is such that F,xt}^{Yi, Yj) = for 
any j. It follows from lemma [231 that Xy G QB'{Q) and thus Xm e QB'{Q). 

Fix now a monomial x G A{Q). Then x = Yii is a product of cluster variables 
Xi. According to theorem 11.31 each Xi can be written as a XMi and thus x = 



4.1. Reflections and generic variables. We are now interested in proving that 
the elements in B'{Q) are linearly independent over Q. For this purpose, we will 
follow the ideas of [CK08J introducing a certain grading on the cluster algebra. 
This grading will depend on the orientation of the quiver Q and thus we will need 
to understand the behaviour of generic variables under changes of orientations. In 
[Zhu06j ■ the author investigated interactions between a certain extension of the 
BGP-reflection functors and the cluster combinatorics. This subsection is devoted 
to the study of the interaction between these extended reflection functors and the 
Caldero-Chapoton map. This is a generalization of the the works of Zhu. 

4.1.1. Reflection functors and Caldero-Chapoton map. A sink (resp. source) in Q 
is a vertex in Qo such that there is no arrow starting (resp. ending) at i. Let Q 
be a quiver and i be a sink or a source in Q. We define the reflected quiver ai{Q) 
by reversing all the arrows ending at i. An admissible sequence of sinks (resp. 
sources) is a sequence (ii, . . . ,i„) such that ii is a sink (resp. source) in Q and 
ik is a sink (resp source) in (Ji^_^ • ■ • (Q) for any k — 2, . . . ,n. A quiver Q' is 
called reflection-equivalent to Q if there exists an admissible sequence of sinks or 
sources (ii, . . . , j„) such that Q' = ■ ■ ■ {Q)- Note that this is an equivalence 
relation whose equivalence classes are called reflection classes. In the following, we 
will only work with sinks but a straightforward adaptation gives the same results 
for sources. 

It is important to notice that mutations can be viewed as generalizations of 
reflections. Namely, if i is a sink or a source in a quiver Q, then HiiQ) = (Ji{Q) 
where /i^ denotes the mutation in the direction i. 

If Q is a quiver, we still denote by A{Q) the coefficient free cluster algebra with 
initial seed ((5,u). If Q' is a quiver mutation-equivalent to a Q, there exists some 
seed (Q',v) in A{Q) and A{Q') will denote the cluster algebra with initial seed 
(Q', v). There is a natural isomorphism of cluster algebras 



the corresponding algebra isomorphism. Note in particular that $' are $ are inverse 
isomorphisms. These isomorphisms will be referred to as the canonical cluster 
algebras isomorphisms. 

From now on. we assume that Q is acyclic and that i is a sink in Qo- We denote 
by Q' = ai{Q) the reflected quiver. Let : rep((5) — >rep(Q') be the standard 
BGP-reflection functor and : Cq — >Cqi be the extended BGP-reflection functor 
defined in |Zhu06| . It is given on the objects of Cq by: 



x^^M, GQ6'(Q)- 



□ 



4. Reflection functors and Caldero-Chapoton map 





X 

m 



E+(X) if X 9^ S", is a module 



GENERIC VARIABLES AND BASES 



37 



The following holds: 

Proposition 4.1 ( [Zhu06) ) . Let Q be an acyclic quiver and i be a sink in Cq. 
Then: 

(1) induces a triangle equivalence D^{kQ) — >D^{kQ') commuting with the 
shift [1] and the AR-translation r. 

(2) Rf induces a triangle equivalence Cq — >Cq'. 

Set = T-^P„ Tj = Pj for j ^ i a.nd T ^ Q^^^ Tu the APR-tilting module 
associated to the sink i and denote by the functor F = HomcQ(r, — ). It is known 
that F induces a triangle equivalence CQ/addr[l] — !> mod— fcuiQ. Moreover, F 
and Rf coincide on the objects of Cg/addT. 

We denote by Xf (resp. by X^'^) the Caldero-Chapoton map associated to Q 
(resp. to (JiQ). We denote by Xj the Palu's cluster character on Cq associated to 
the cluster-tilting object T introduced in [PalOSj . It is defined on indecomposable 
objects of Cq by 

XT =[ EeX(Gre(FAf)) n, if M e CQ/addT[l] 

[ Vj if M ~ Tj [1] for any j e Qo 

where {~, is the symmetrized Euler form defined by 

{M,N)^^{M,N)-{N,M) 

for any two fcciQ-modules M and N. In our case, as aiQ is acyclic, the Euler form 
is thus well defined on the Grothendieck group of kaiQ-mod, thus 

(5„e)^ = (5„e)-(e,5,) 

for any dimension vector e and any j G c^iQo- It satisfies 

for any two objects M, N in Cg . The following lemma gives the link between the 
cluster character and the Caldero-Chapoton map in the particular case where T is 
an APR-tilting module. 

Lemma 4.2. Let Q be an acyclic quiver, i a sink in Q and T be the APR-tilting 
kQ -module associated to i. Then for any object M in Cq, we have 

Proof. As Xjj^j^ = XjfXjj and AT^^^^ = X'^^'^ X'^''^ , it suffices to prove the 
lemma for M indecomposable. If M = Ti[l], then RfM — Pi[l] and thus X^!,*^^ = 

A'p'l^j = Vi but by definition Xjj — X^,^^ — Vi. Let's assume that M is inde- 
composable and non-isomorphic to Ti[l] for any i £ Qo- As R'^{M) — FM, we 
compute 



Ex(Gre(FM))n 

e i 

Ex(Gre(FAf))n 



^(S.,e)-(e,S,)-(S,,FM) 



-{Si,FM~e)-{e,Si) 



= X 



aiQ 
FM 
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□ 

4.1.2. Reflections and cluster variables. We keep the above notations. We denote 
by $i : A{Q) — > A{aiQ) the canonical isomorphism of cluster algebras and by 
$^ : A{aiQ) — > A{Q) the inverse isomorphism. It satisfies 

for every j G Qo- As r[l] is a cluster-tilting object in Cq, it follows from theo- 
rem [O] that , j e Qoj is a cluster in A{Q) and |<i>j(X^ j^j) , j £ Qoj = 

|Xp'|^j , j G (5o| is a cluster in ^(cJiQ). We have the commutative diagram: 

, j e Qo} {Pj[l] , J e Qo} 



X'' 



{^T,[i] , j e Qo} -5-^ {«j ' j £ Qo} • 

The following lemma is a consequence of the works of Zhu and of Palu. We give an 
independent proof for completeness. 

Lemma 4.3. Let Q be an acyclic quiver, i be a sink in Cq. Then 



for every rigid object M in Cq. 



Proof. Assume that i? is a cluster-tilting object such that for every direct summand 
M of R, we have = X'^+^j^j- Fix R' a cluster-tilting object in Cq next to R 

in the tilting graph (see [BMR+OSl for terminology and results about cluster-tilting 
theory and exchange pairs). Then , there exists an exchange pair (U, U*) such that 
R = U ®U and R' = U* ® U. We denote by 

U — >B — >U* — >U[l] and U* — > B' — >U — >U*[l] 

the corresponding triangles. Thus, B and B' are in add U . According to theorem 
12.71 we have 



and thus 



The induction gives 

vQ I vQ 
'PH^c/*) ^ • 

On the other hand Rf is a triangle equivalence so {RfU,R^U*) is an exchange 
pair and the corresponding triangles are 

R+U^R+B^R+U*^R+U[l] and R+U* ^ R+ B' ^ R+U—> R+U*[l] 

The one-dimensional multiplication formula in Co-.q gives: 



and thus 
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According to lemma 14.21 the proposition holds for the cluster-tilting object r[l] 
and as the tilting graph is connected (see [BMR+OSl and |HU05| 1. it follows that 
for every direct summand M of a tilting object, we have ^i{xfj) = X'^^j^j- As 
every indecomposable rigid object M can be completed into a cluster-tilting object, 
it follows that 

for every rigid object M in Cq. This proves the lemma. □ 

4.1.3. Reflections for affine quivers. We now return to the case when Q is an afhne 
quiver. 

Lemma 4.4. Let Q be an ajfine quiver and i € Qq be a sink. The following hold: 

(1) A indecomposable kQ-module M is a regular module if and only ifYjf{M) 
is a regular kuiQ-module. 

(2) Let M be an indecomposable regular kQ-module. Then induces an equiv- 
alence of categories from the tube containing M in kQ-mod to the tube 
containing 'SfM in kaiQ-mod. 

Proof. We recall that induces an equivalence kQ-mod/ Si — > kaiQ-mod/ Si. As 
the simple fcQ-module Si is projective and the simple kaiQ-modnle Si is an injective 
kQ-module. Denote by tt : kQ-mod — y kQ-mod/ Si the canonical functor. Then 
for any regular component T, the restriction of the functor tt to T is isomorphic to 
the restriction of the identity to T. If M is a regular module, then it belongs to a 
tube r and E+M ~ E+(7r(M)) belongs to E+(7r(r)). But E+(7r(r)) ~ 7r(r) ~ T 
and then E^(M) belongs to a tube in kaiQ-mod/ Si, it is thus a regular module 
and moreover induces an equivalence between the tubes containing M and 
E+(M). □ 

Corollary 4.5. Let Q be an affine quiver, i be a sink in Qq and M be an indecom- 
posable regular kQ-module with quasi- composition series 

= Mq C Ml C ■ • • C Mr = M, 

then M is a regular kaiQ-module with regular composition series 

= R+Mo C R+Mi C • • • C R+Mr = i?+M. 

In particular Rf send quasi-socles to quasi-socles, quasi- radicals to quasi-radicals 
and preserves quasi-lengths. 

Proof. As « is a sink. Si is a projective module and then for any regular module 
Rf{M) ~ E+(M). The result follows then directly from lemma □ 

Now we extend lemma to any object M in Cq. 

Proposition 4.6. Let Q be a quiver of affine type with at least three vertices 
satisfying the difference property. Let i be a sink in Qq such that aiQ satisfies the 
difference property. Denote by ^i : A{Q) — yA{aiQ) the canonical isomorphism 
and by R// : Cq — >Ca-Q the extended BGP functor. Then for any object M in Cq, 
we have ^..{X^) ^ X^f^^. 

Proof. It sufhces to prove it for M indecomposable. If M is rigid the result follows 
from lemma 231 If ^ is not rigid then it is regular. 

Assume first that M is in an exceptional tube T of rank p > 1. Denote by 
Eq, . . . , Ep-i the quasi-simple modules of T ordered such that rEi = Ei-i for all 
i € Ij/pT,. Denote by I the quasi- length of M and assume that the Ei are indexed 
in such a way that Eq — q.socM. Then we know from |Dup09 that 
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where Pi p is the ^-th generahzed Chebyshev polynomial of rank p. 

According to lemma 14.41 Rf M is regular and belongs to a tube T' of rank 
p. Moreover corollary 14.51 implies that the quasi-simples of T' are the RfEi for 
i e Z/pZ and Rf = q.socR+M. Moreover, q.l(i?,+M) = q.l(M) = / and thus 

RtM ~ ^^^P^^R+Eo' ■ • -'^R+Ep^J- 

As every quasi-simple in an exceptional tube is rigid, it follows that 



^R+E. = ^^i^E,) for any i e Z/pZ 



and thus 



RtM ~ ^^^P^^R+Eo'---' R+Ep^J 

It only remains to prove the result for M indecomposable in an homogeneous 
tube. Rf is a triangle equivalence Cq — !>Co-.q so according to lemma WM Rf 
send the homogeneous tubes of Cq to the homogeneous tubes of C(j.q. For any 
A G P^(fc), we denote by T\[Q) (resp. Tx{aiQ)) the tube in Cq (resp. Cc^q) 
corresponding to the parameter A. Up to re-indexation of the tubes, we can assume 
that RfTxiQ) = Tx{(T,Q) for any A G pi(fc) and lemma Ol implies that PJ(ct,Q) = 
¥q{Q). The set {M\}^^pi is a set of representatives of the quasi-simple modules in 

the homogeneous tubes in Cq and {Rf ^^p^ is a set of representatives of the 
quasi-simple modules in the homogeneous tubes in C^^q- Moreover, it follows from 
lemma [5. 141 and coroUarv 13.131 that 

for any A, G Pj((5). It thus suffices to prove that 

for some A G Pj(Q). 

The difference property ^ oi Q implies that for any quasi-simple E in an ex- 
ceptional tube, we have 

Y^ 

~ ^Me ^q.iadME/E 

and the difference property (Hj) oi aiQ 



vo-iQ _ yQ _ x'^ 
R+Mx RfME q.iadRt Me /q-socRf Me 



In particular. 



Mx2,J = Mx2,J ~ MxI,,me/e) 

~ R.'I(Me) R+{q.rad{ME/E) 

It follows from lemma lT^ that R^{AIe) — ^I]:(+[e) ^^"-^ q.rad-R^Afs/q.soc/i^A/^; 
q.radAf^+(^j/i?^(£') and thus 

_ Y"'iQ 

-^RfM,- 
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□ 

A direct induction on proposition 14. 61 leads to the following proposition: 

Proposition 4.7. Let Q be a quiver of affine type with at least three vertices 
satisfying the difference property. Let Q' be a quiver reflection- equivalent to Q 
and {ii, . . . , in) be an admissible sequence of sinks such that Q' = ai^ o ■ ■ ■ oat-^ (Q). 
Assume moreover that <Ti^ ■ • • (Q) satisfies the difference property for every k = 
1, . . . , n. Denote by $ the canonical isomorphism of cluster algebras A{Q) — > A{Q') 
and by 

Then 

for every object M in Cq. 

A.\A. Reflections and generic variables. We are now able to prove that the generic 
variables are preserved under reflections. 

Theorem 4.8. Let Q be an affine quiver of affine type with at least three vertices 
such that every quiver reflection- equivalent to Q satisfies the difference property. Let 
Q' be a quiver reflection- equivalent to Q. Write $ : A{Q) — > A{Q') the canonical 
isomorphism of cluster algebras. Then 

^B'{Q))^B'{Q'). 

Proof. Let (zi, . . . , i„) be an admissible sequence of sinks such that Q' = o • ■ • o 
ai^{Q). We denote by i?+ the composition 

i?+ = Rt„ ■ ■ ■ Rti -^Q — ^ ^Q' 1 
it is an equivalence of triangulated categories. According to proposition 14.71 we 
have <^{x2i) = -^^^+4/ for every object M in Cq. 
Fix d e Z'^o and assume that d ^ N'5o . Then 

di<0 

Because [d]+ is not sincere, there exists some M+ G rep((5, [d] + ) which is rigid. It 
follows that M = M+ © 0<j,<o ^ifll^'*' is also rigid and thus so is R+M. Then, 
<i>(X« ) Xg;,, is mB'iQ')- 

If d e , assume that there is some rigid module M G ?7d, then R^M is 
rigid and thus <^{X^^) — X^_^ is in B'{Q'). Otherwise, according to the canonical 
decomposition of [d] + , M G ?7[d]+ H Ettid]^ decomposes into 

where the Nj are indecomposable rigid modules with trivial endomorphism ring for 
alH, j G J and Ext^^ (f7, = for any pairwise distinct indecomposable summand 
of M and / is a non-empty set. It follows that 

i?+A/ = i?+A/A. © R+Nj 
iei jeJ 

where the R'^ Nj are indecomposable rigid modules with local endomorphism ring 
for all i,j G J and Ext^^^(C/,y) = for any pairwise distinct indecomposable 
summand of R^M. Assume that R^Nj ~ Pkl^] for some projective fcQ'-module 
Pfe. Then 

Exfi^, {R+N, , A^A. ) = Ext^^^, {Pk [1] , Af A. ) = dim Af a. (k) > 
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which is a contradiction. It follows that R^M is a fcQ'-module and according to 
the study in subsection l3.1.21 we have 

vQ' _ vQ' 

and thus (lB'{Q'). 

Conversely, Q can be obtained from Q' after a sequence of reflections and thus 
the same proof shows the inverse inclusion. □ 

If « S Qo; we denote by Si the standard reflection of the Weyl group associated 
to i. We denote by ai the piecewise linear transformation defined on Z$((5) as 
follows. If a e $>_i(g), following |MRZ03| we set 

_ r d if d = —aj for j ^ i, 
[ Si(d) otherwise. 

If d G N*^" , we write d = ei • • • © e„ the canonical decomposition of d and we set 

n 

^M) = 5I'^■'(^■')■ 
^=1 

If d e Z'3« , we set 

(Ti(d) =ai([d] + ) + [d]_ +2d,a,. 
This is an involution of . 

Lemma 4.9. Let Q be an acyclic quiver, i and sink in Q. Fix M an object in Cq 
such that 

M ~ Ml © • • • © M„ 

where the Mk are indecomposable objects such that Ext^^ (Mfe, A/j) — for k ^ j. 
Then 

dimRj{M) = cji{dimM). 

Proof. If n = 1, then M = Mi is indecomposable and dimM G $>i and the result 
is proved in |Zhu06l theorem 3.4]. Assume now n > 1. As Extg^ (Affe, Mj) = 
for k ^ j, if some Mj is isomorphic to some -Pfc[l], then (dimAf/)^ < for any 
I = 1, . . . ,n. It follows that 

[dimM]+ = dim iJ°(M). 

We write 

M = H°{M) © PkilfP". 

keQa 

In particular, for any k ^ Qo, we have ~pk ~ (dimA/)^. We have 
R+{M) = I]+(i/°(A/)) © SfP' © PkilfP" 

where denotes the standard BGP-reflection functor. It follows that 

dimi?+i\/ = s,(dimiJ°(Af)) +p,a, -pfeafc 

= Si([dimM]+) + [dimAf]_ + 2piai 
= f7i([dimAf] + ) + [dimAf]_ + 2p,a^ 
= o'i(dimAf). 

□ 
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Corollary 4.10. Let Q be an affine quiver of affine type with at least three vertices 
satisfying the difference property. Let i he a sink in Q such that aiQ satisfies the 
difference property, and : A{Q) — > A{criQ) be the canonical isomorphism of 
cluster algebras. Then for any d S we have 

Proof. According to the denominators theorem for any object M in Cq, we have 

dim Rt{M)^S{X''^l^ J. 

Fix d G Z'5o and M such that Xm ~ X^ . Then we can choose AI such that it sat- 
isfies the hypothesis of lemma in this case, we have dim R+{M) = a, (dim A/). 
Now, we know from proposition that = and thus it follows from 

theorem 14.81 that 

□ 



4.2. Linear independence for generic values. 



4.2.1. Gradability and linear independence. In (CK08| . a condition was introduced 
on the quiver Q in order to obtain a nice framework for problems of linear inde- 
pendence of generalized variables. In the sequel, we will refer to this condition as 
gradability . For results concerning gradability, one can also refer to |CK08i[I)up09| . 

We recall that for any acyclic quiver Q, the matrix B associated to Q is the 
anti-symmetric matrix whose entries are given by 

K ^ I e <3i} I - I {j^i e Qi} | 

for all I, j S Qo- 

Definition 4.11. Let Q be an acyclic quiver with associated matrix B. Q will be 
called graded if there exists a linear form e on Z*^" such that e{Bai) < for any 
j e Qo where at still denotes the i-th. vector of the canonical basis of Z'^" . 

An orientation of Q is called alternating if every vertex in Qq is either a sink or 
a source. 

Example 4.12. Every quiver equipped with an alternating orientation is graded. 
Indeed, in this case the matrix _B of Q satisfies for all j e Qq, bij > if i is a source 
and bij < if i is a sink. We can choose any form e in the dual basis of Z'^° such 
that < if i is a source and > if i is a sink. 

If Q is a graded quiver, then it is proved in |CK08| that we can endow A{Q) 
with a grading. Namely, the results are the following: 

For any Laurent polynomial L in the variables u, the support supp (L) of L is 
defined as the set of points A = (Ai, i G Qq) of Z'^° such that the A-component, that 
is, the coefficient of riieQo ' in i is non-zero. For any A in Z'3°, let Cx be the 
convex cone with vertex A and edge vectors generated by the Bai for any i £ Qq. 

Proposition 4.13 ( [CK08| ). Let Q be an acyclic quiver with no multiple arrows. 
Fix an indecomposable object M of Cq and write M — H^{M) ® P/vf[l]- Then, 
supp(Xa./) isinCxj^j with \m ■= {— {cti, dimH^{M)'^ + {dimPM,ai))i^Qg. More- 
over, the Xm - component of Xm is 1. 
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Proposition 4.14 ( |CK08) '). Let Q he a graded acyclic quiver with no multiple 
arrows. For every 71 S Z, set 

F„ = I z J] <■ ] n^(Q), 

\e(iy)<n leQo j 

then the set {Fn)nez defines a It-filtration of A{Q). 

The filtration given in proposition 14.141 and tlie proposition 14.131 imply the fol- 
lowing lemma: 

Lemma 4.15 ( |CK08| ). Fix Q a graded quiver. Let {Mi, . . . , Mr} be a family of 
objects in Cq such that dim Mi ^ dimMj if i ^ j , then X^^ , ■ ■ ■ , are linearly 
independent over Q. 

Definition 4.16. A quiver Q is called gradable if there exists a graded quiver Q' 
reflection-equivalent to Q. 

Remark 4.17. Note that not all the quivers are gradable. For example, consider 
the 3-cycle Q with double arrows: 



1 





Denote by Ci the i-th column of the matrix B associated to Q. Then C3 = — ci — C2 
and Q is the only quiver in its reflection class (and also in its mutation class, see 
|FZ03| for definitions). 

We will see in the next subsection that all the quivers of afhne types A are 
gradable. 

Proposition 4.18. Let Q be a gradable quiver of affine type A such that every 
quiver reflection-equivalent to Q satisfies the difference property. Let {Mi, . . . , Mr} 

be a family of objects such that dim Mi ^ dimMj if i ^ j. Then . . . , X^j | 

is linearly independent over Q. 

Proof. If Q is the Kronecker quiver, then every quiver Q' reflection-equivalent to Q 
is graded and thus the proposition holds by lemma 14.151 From now on, we assume 
that Q has at least three vertices. Fix Q' a graded quiver reflection-equivalent 
to Q and denote by («!,..., i„) an admissible sequence of sinks such that Q' = 
ai^ o • • • o (jjj (Q). We denote by 

R+ ^RIo...oR+:Cq^Cq, 

the equivalence of triangulated categories from Cq to Cq' and by a the composition 
of piecewise linear transformations 



Z$(Q)^Z$(Q')- 



We know in particular that for any objects M, N such that dim M ^ dim N, we 
have dim i?+M = adimM / adimN = dim R+N. 

If we denote by <i> : A{Q) — >A{Q') the canonical isomorphism, it follows from 
proposition 14.71 that 

Hxf,) = x'^[,^ 

for any object M in Cq. In particular 
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satisfies the conditions of lemma 14.151 Q' being graded it follows that the family 
. . . , )| is linearly independent over Q. As $ is a Q-algebra ho- 

momorphism, it follows that I^^S^Mi 7 • ■ • 7 } linearly independent over Q. □ 

4.2.2. Gradability for quivers of affine type A. As claimed before, we now prove 
that any quiver of affine type A is gradable. This will be done by a case-by-case 
inspection depending on the indices r, s of the type Ar.s- 

Lemma 4.19. Let Q be a quiver of affine type A. Then Q is gradable. 

Proof. We fix r, s £ N two integers and we consider a quiver Q of affine type 
Ar+i,s+i. We recall that all the quivers of affine type A^+ls+i are reflection- 
equivalent. We will thus always assume that Q is equipped with the following 
orientation: 

Cl ■ • • s- Cr 





We will do a case-by-case inspection on the possible pairs (r, s). By symmetry, it is 
sufficient to consider the pairs {r, s}. In each case, we will construct a form e such 
that Q satisfies the condition of gradability for this e. If e is such a form, we will 
simply say that e fits to Q. 

li B G Mq„{Z) is a matrix, we denote by Ci — Bai the column associated to 
the vertex i e Qo- 

Assume first that s = r = 0. Then Q is the Kronecker quiver a ; 5 , it has 
an alternating orientation and thus by example 14.121 such a form exists. 

Assume now that {r, s} — {0, 1}. We assume that r — 1 and s = 0. Then Q is 
the quiver 

Cl 




the associated matrix with indexation (a,ci,6) is 



B 



1 1 

-1 1 
-1 -1 



The columns Ca and are linearly independent and Ch = Cc-^ — Ca- We set 
e(Ca) = -1, e(CcJ = -2 and then e(Cf,) = -1< 0. Thus e fits. 
Assume that r = s = 1. Then Q is the quiver 
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In the associated matrix B, we have C(, = — Ca, thus we will not be able to find 
any form e fitting to Q. Consider then the quiver Q' = iib{Q) = (^b{Q) given by 



Cl 



di 

Q' is alternating, so it is graded and Q is gradable. 

Now assume that s = and r > 2 (or equivalently r = and s > 2). Then Q is 
the quiver 

Cl s- • ■ • s- Cr 



The associated matrix in the indexation (a, ci, . . . , c^, &) is thus 



" 


1 





... 


1 ■ 


-1 





1 












1 










-1 


1 


-1 


-1 






and we have 



If r e 2Z, then 





= -Xb 




= Xc2 = • • 




= Ac^_i = 


Xa 


= ~Xc^ 



= x 



4^ Xj =0 for all j G Qo 



Thus, B is of full rank and Q is graded. 
lir €21+1, then 



r Ae, 



5^A,C,- = 0^ 



Aa — Ac2 
Ar-„ = • • • Ac 



Ac 



K Ac^_i — Ac,,_3 



• ■ = Ac2 = <S4> Aj = for aU j 

— 2 = • • • = Aci 

Aa = — Ac^ 

Thus, the columns {Ca, Ca , • . • , Cc^) are linearly independent and 

Cb = ~Ca + C'ci ~ C'cg + Cc3 — ■ ■ ■ — Cc^_i + 

We thus set, e(Ci) = -1 for aU i ci,b and e(CcJ = -2. Then e{Cb) < and e 
fits to the condition. 
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Assume now that s = 1 and r > 2 (or equivalently r = 1 and s > 2Z) Then Q is 
the quiver 




The associated matrix in the indexation {a,ci, . . . ,Cr,b,di) is 






1 





... 





1 " 


-1 





1 











-1 





■■• 1 

-1 


1 






-1 





-1 


-1 




1 






We have 



jeQo 



Aci + 

Ac2 ^ Aa 

Ac3 — 



Ab — Ac^_i 



AfZi — Ac 



Ab — Aa 



If r G 2Z, 



^ ^ Aj(7j — <^=^ Aq — Ab — Aci — Ac 



-Adi 



So X^j^di AjQ = ^ Aj = for aU j and thus the columns {Ca, Cc^ , Cc^ , Ch) 
are Unearly independent and is in the spanning of the other columns. More 
precisely, 





Aci 
Ac2 ~ Afj 

Ac3 ~ Aci 




" 1 " 




AjCj - 










Ab ~ Ac^_i 









-Ac. 




-1 




Ab — Aa 








{ Aci — Ac 



Ac. — Ab — Aa — 1 



Thus, = X^j^dj Cj and thus it suffices to set e{Cj) = —1 for every j ^ di and 
Q is graded. 
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If r G 2Z + 1, Q is not graded. Consider the quiver 

Cl 5- • • 



Q' = i^biQ) 




The associated matrix in the indexation (a, ci, . . . , c^, 6, di) is 



" 


1 





... 





1 " 


-1 





1 











-1 





■•. 1 

-1 


-1 






1 





1 


_ -1 




-1 


. 



we have 



X/ ^^^^ 



Then, 



J2 AiC,- = ^ 



Aa 



-A6 - Aa 



A. 



Ac 
A. 



-Adi 
■■-Xb 



So the columns (Ca, Cci, . . . , Cc^) are hnearly independent and Cb and are in 
their spanning. More precisely, we have 

Cb = Ca + Cc2 + • ■ • + t^Cr-l C'dj^ = Cci + + • • • + Ccr 

We thus set e(Ci) = — 1 for all i^h,d\ and thus e fits. It follows that Q' is graded 
and Q is gradable. 

Now we assume that r, s > 2, Q is the quiver 



Cl 



di 
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the associated matrix B in the indexation (a, ci, . . . , c^, 6, di, . . . , da) is 







-1 




-1 



1 







1 

-1 



-1 







1 







1 
-1 ■•• 



•• 1 

-1 



We have 



~ Aa 

Acs ~ 



Ar„ — Ar 



Ah - A, 



Ada " Aa 
Ads ~ Adi 

Ads ~ Ad^_2 

Ab - Ad,_i 



If r, s G 2Z, then 



^ XjC^ = ^ 



Aci 


= -Adi 




Aa 


= Ac2 = . . 


— Ac^ 


Ab 


= Ac^_j = 


• • = Aci 


Ac. 


= -Ad, 




Aa 


= Ada = • • 


= Ad, 


Ab 


= Ad3_i = 


• • = Adi 



<^ Ai = pour tout i 



and the columns are Unearly independent. B is thus of full rank and Q is graded. 
If r G 2Z and s e 2Z + 1 (or equivalently r G 2Z + 1 ands G 2Z), then 



^ A, Q = ^ 
jeQo 



Thus, X^j^d^ AjCj = if and only if Aj = for all j. The columns Ca, Cci , . . . , Cc., 
(^6, C'di 5 • • • , C'ds-i are thus linearly independent and 



Ac, 


= — Adi 




Aa 


= = ■ ■ 


— Acr_i 


Ab 


= Ac._i = 


• • = Aci 


Ac. 


--Ad, 




Aa 


= Ada = • • 


= Ad, = Ab 


Ab 


= Ad,_i = 


• • = Adi 



Cds = Ca + -\ h C'c. + Cda H h C'd,_i - C'di ~ ' 

We set e(Ci) = — 1 for every i ^ a,ds and e(Ca) = min(0, r — 1) — 1. We have then 
e(Ci) < for every i € Qo and Q is graded. 
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If r,s G 2Z + 1, Q is not graded. We consider the quiver Q' 
associated matrix in the indexation (a, ci, . . . , c^, 6, di, . . . , dg) is 



fib{Q) whose 



B' 



-1 



1 







1 
-1 



•. 1 

-1 



1 



•• 1 

-1 



If C- denotes the i-th column of B' for any i, we have 



Xr. 



Xn 



Xc3 — 



Xcr ~ Xc, 

—Xb — Xc 



—Xds — Xc 



Xd2 ^ Xa 
Xds ~ Xdi 



Xds - Xd 
-Xb - Xd 



s-2 
3-1 J 



and 



Xa 

Ac, 

Xcr 

Xa 

Xdi 



= —Xdi 

= Xc2 = • • • = Xc^_i = — Af, 

= • • ■ = Xc^ 

= -Xd3 

= Xd2 = ■ ■ ■ = Ad,_i = —Xb 
= • • • = Ad, 



Thus, J2j^b,d, ^j'^'j = Xj = for all j. The columns C^, C^^,. 
C^^, . . . , C^^ ^ are thus linearly independent. Moreover, we have 



C'b 



C'a + C'c, + --- + C'c^_,+C'^2 + --- + C'd.-. 



and 



C'rf^ — c' + c', + 



r+1 



We thus set t{C[) = —1 for all i ^ b,ds,ci and e(C^J = min(0 
Then, e(C^) < and e(C^^) < 0. Q' is thus graded and so Q is gradable. 
In every case, we proved that a quiver Q of afRne type Ar,s is gradable. 



s-l 



2 

□ 



Theorem 4.20. Let Q be an affine quiver such that every quiver reflection-equivalent 
to Q satisfies the difference property. Then the set of generic variables is a Z-basis 
in A{Q). 
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Proof. Let Q be an afHne quiver. If Q is of affiiie type A, then Q is gradable by 
lemma H. 191 Otherwise, the underlying diagram A of Q is a tree and thus admits 
an alternating orientation. As any orientations of a tree are reflection-equivalent, if 
follows that Q is gradable. By theorem l4.8l we can thus assume that Q is a graded 
quiver. It follows from lemma H. 151 that B'{Q) is linearly independent over Q and 
thus over Z. 

Now, it follows from proposition 13 . 35l that every element Xm is a Q-linear com- 
bination of elements of B'{Q). For every d e Z'3o, set 

Ad = {a^, [d]+) + ([d]_,a,)),eQo, 

If M is such that Xm ~ X^, then it follows from the definition of X^ that 
dim H^{M) — [d]+ and dimPM[l] = [d]-- Then, it follows from proposition 
14.131 that supp {Xd) S and the Ad component of X^ is 1. 

As Q is graded, using the filtration given by proposition 14. 141 we obtain 

Xm — XdimM + ^ ridXd 

e(d)<£(dim Af) 

where the Ud are rational numbers. By induction on the filtration, using the fact 
that x(Gre(M)) e Z for every dimension vector e, we see that nd G Z for every 
d e Z'^" and thus A{Q) is generated by B'{Q) as a Z-module. □ 

Theorem 4.21. Let Q be a quiver of affine type A. Then B'{Q) is a "L-hasis of the 
Z-module A{Q). 

Proof. According to theorem 13.251 a quiver of affine type A satisfies the difference 
property. Thus B'{Q) is a Z-basis in A{Q) by theorem 14.201 □ 

Remark 4.22. In the works of |CZ06j on the Kronecker quiver (see also |Cer08| 
for affine quivers of rank three), the elements arising in their semicanonical basis 
with denominator vectors nS turn out to be the Xj^^i^) for n > 2 and A € Pj. 
Nevertheless, it follows from lemma [3.151 that Xns 7^ ^Af(") ^ind thus that gener- 

(n) 

alized variables associated to the regular modules Mj^ for rt > 2 do not appear 
as elements of B'{Q). Even if it seems more natural from the point of view of the 
AR quiver of Cq to introduce the X^(n) , the natural choice from the point of view 
of geometry is X"^ . We will see in subsection 15.21 that for the Kronecker quiver, 
Caldero-Zelevinsky's semicanonical basis differ from the set B'{Q) of generic vari- 
ables only by a locally unipotent (see subsection 15 . 21 for definitions) transformation. 

The reader can find a bit confusing to use also the terminology semicanonical in 
our case whereas the considered set does not coincide with the semicanonical basis 
found in the previous literature. Nevertheless, because of the very strong analogy 
between our basis and Lusztig's dual semicanonical basis, we preferred to keep the 
terminology semicanonical even if it can seem a bit confusing at first. 

Example 4.23. Consider the quiver Q of affine type A4_4: 



2^ 3 ^4 




8-^ 7 ^6 



For any i G Z/8Z, denote by the quasi-simple module whose composition 

factors are Si and Si+i. Then rEi^i^i = Ei^2,i+3 for all i G Z/8Z. As usual, we 



52 G. DUPONT 

(n) 

denote by E^j the unique indecomposable regular module with quasi-length n and 
quasi-socle Eij. 

The AR-quiver of fcQ-mod contains exactly two exceptional tubes which are of 
rank p — 4. We consider the tube depicted in figure [S] 




Figure 3. An exceptional tube of A4^4 

We consider the module M — Ejg, Ei^g . The multiplication formula gives 

Xm = X (4) + X (2) 
but according to the difference property proved in theorem 13.251 we have 

X [i) ~ Xm^ + X (2) 

for every A G Pq((5). As E^^ and e'"^^ are indecomposable rigid, they belong to 
B'{Q). Moreover Xm^ = Xs so 

Xm = Xmx + -^^^(2) + X (2) 

-^34 -^34 

e ZB'iQ). 

5. Examples of semicanonical bases 

5.1. Semicanonical basis for Dynkin quivers. In this short subsection, we 
prove that the generic variables are the elements of the Caldero-Keller basis found 
in |CK08| for a quiver of Dynkin type. 

Proposition 5.1. Let Q be a Dynkin quiver. Then 

B'{Q) ~ {cluster monomials in A{Q)} 

is a li-basis for the X-module A{Q). 

Proof. We denote by Ai{Q) — {cluster monomials in A{Q)}. It follows from lemma 
[XTUl that M{Q) C B'iQ). Fix now an element d e and write d = 0"^^ ej its 
canonical decomposition. Then, according to proposition l3.51 for every i — 1, . . . , n, 
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there is a Schur representation Mi G rep((5,ei) such that Ext^Q(A/i, Af,) — for 
i ^ j. As Q is Dynkin, every root is a real root and then each e,; is a real Schur 
root and thus each Mi is rigid. It follows that M = Mi is rigid in rep((3, d) 

and then Om n J7d ^ 0. It follows that — Xm for some rigid module M and 
thus Xd is a cluster monomial. 

Assume now that d is any element in TP" . Then 

xa = x^Au n 

di<0 

By the above discussion, there exists some rigid module M € rep(Q, [d] + ) such 
that Xm = -'^[d]+- Moreover, for every i E Qq such that di < 0, we have 
Extc(M,Pi[l]) = so AT = M©0^^<o/',[1]®(-'^') is rigid in Cq and Xd = Xn is 
a cluster monomial. 

This is a Z-basis according to |CK08| . □ 

5.2. Bases for the Kronecker quiver. The first example of cluster algebra of 
non Dynkin type that has already been studied is the most simple case of affine 
quiver, namely the Kronecker quiver 

K : It 2 . 

We write S = (1,1) the minimal imaginary root of K and we denote by A{K) the 
coefficient- free cluster algebra with initial seed {K,u) with u = (ui,U2). 

5.2.1. Normalized Chebyshev polynomials. In this subsection, we recall briefly some 
results of |CZ06| concerning the normalized Chebyschev polynomials. 

The normalized Chebyshev polynomials of the second kind are the polynomials 
defined inductively by : 

C_2(a;) - 0, C-i{x) = 0, Coix) = 1, Cn+iix) = xCn{x) - Cn-i{x) 

In particular, for every n > 0, C'„ is the unitary polynomial of degree n characterized 
by the identity 

n 
fe=0 

The normalized Chebyschev polynomials of the first kind are the polynomials 
defined inductively by : 

Pn{x) = C„{x) - Cn-2ix) 

for every n > 0. In particular, P„ is also a unitary polynomial of degree n for any 
n > satisfying 

Pn{t + t-^) = e + t-" 

We can express the C„ in terms of f „ with the relation 

[t]+i 

Cn{x) = ^ Pn-2k- 
k=l 

In particular C„ is a positive linear combination of the Pk- 

5.2.2. The canonical basis for the Kronecker quiver. We recall briefly the results 
and notations of [SZ04j . 

Definition 5.2. An element y e A{K) is called positive if for every cluster x = 
the coefRcients in the expansion of ?/ as a Laurent polynomial in x and x' 
are positive. 
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Theorem 5.3 f |SZ04) ). There exists an unique Z-basis B{K) of A{K) such that the 
semi-ring of positive elements in A{K) consists precisely of positive integer linear 
combinations of elements ofB{K). 

The set B{K) is caUed the canonical basis of the cluster algebra A{K). The 
explicit value of the canonical basis is explicitly computed in [SZ04j and is given by 

B{K) — {cluster monomials} U {P„(z) : n>\} 

where 

_ l + uj + ul 
U1U2 

It is proved in [SZ04] that for any n > 1 , we have 

5{Pn{z))=n5 

Thus the canonical basis is the disjoint union of the set of cluster variables and a 
family of variables whose denominator vector are the imaginary roots of Q. 

5.2.3. The semi- canonical basis for the Kronecker quiver. We denote by B'{K) the 
semi-canonical basis of the cluster algebra associated to K. This is given by 

B'{K) = {X„ : a e Z'^") 

The explicit description is given by proposition 13.181 but we give an indepen- 
dent and explicit construction of all the based on the known results about the 
canonical decomposition of elements in the root lattice of the Kronecker quiver. 

Proposition 5.4. 

B'{K) = {cluster monomials} U {z" ■ ri > 1} 

Proof. It follows from lemma lB^.lOl that cluster monomials are elements of the canon- 
ical basis. Also, a direct computation proves that 

Xs = = z 

for any homogeneous simple M\. 

We also know that Xns — X'g = z". Now we claim the above union is disjoint. 
In deed, consider an element z„ and a cluster monomial x. Then there is some 
M without self-extension such that Xm = x. Thus it follows that dim M ^ Z>o(5 
(there is no representation without self extension in iep{Q, nS) for every n). Thus 
5{x) 7^ (5(z") for every n and the above union is disjoint. 

Now it only remains to prove that every element X^ is either a cluster mono- 
mial or a z" for some n > 0. First assume that d e N'3°. Then we know that 
Xd = Xm for some M in the open set of Kac's canonical decomposition OJld. We 
write d — {di,d2). Then it follows from subsection 3] that the canon- 

ical decomposition of d depends on the quotient a = c?i/c?2- More precisely, if 
a > 1, then the canonical decomposition of d is of the form Xpm -\- ^Pm+i where 
P2fc+i = dimP2fc+i = dim T"*^ Pi and P2(fe+i) = dimP2(fe+i) = dimT"''P2. Thus 

Xa = ^P„^,eP^^_|_i 

but Ext^Q(Pm, Pm+i) = Ext^g(P„j+i, P„i) — the X^ is a cluster monomial. 
Similarly, if a < 1, will be a cluster monomial. Now li a = 1, d = n5 for some 
n and then we know that 

-'^d = XnS — X^ = = z" 

Now suppose that d e 2*^" is such that di < for some i. If di < and d2 < 0, 
then 
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is a cluster monomial because Pi[l]®'^ ''i' © ^2[1]®' has no self-extension. 
If di < and ^2 > 0, then 

-'^d = ^Pj[i]®(-di)(57®''2 

is a cluster monomial because Pi[l]®''~'^^^ © 7®'^^ has no self-extension. 
Finally, if c?i > and d2 < 0, then 

is a cluster monomial because P®"^^ © P2[l]®' has no self-extension. 
Now it proves that 

B'{K) = {cluster monomials} U {z" : n > 1} 

□ 

Notice that Pn{z) ^ z" for every n > 1. It follows that the semi-canonical basis 
and the canonical basis do not coincide. Thus, the semi-canonical do not have the 
positivity property of theorem 15.31 

Nevertheless, for any n > 1, the denominator vector of z" is n5{z) = n5. 

Thus, as for the canonical basis, the semi-canonical basis is the disjoint union of 
the set of cluster variables and a family of variables whose denominator vector are 
the positive imaginary roots of Q. 

5.2.4. Caldero-Zelevinsky basis for the Kronecker quiver. In |CZ06| . the authors 
have computed another Z-basis for the Kronecker quiver, this basis is given by 

= {cluster monomials} U |Xj^^(„) : n > l| 

In corollarv l3.13l we proved that — C„(z) where the C„ are the normalized 

Chebyschev polynomial of the second kind defined in subsection 15.2.11 

As it was noticed before, the denominator theorem of |CK06| implies that 

Thus the basis B"{K) is also the disjoint union of the set of cluster monomials 
and of a sets of variables whose denominator vectors correspond to the positive 
imaginary roots of Q. 

5.2.5. Base change between B{K) andB'{K). 

Definition 5.5. Let a = {a„, n > 0} and b = {6„, n > 0} be two bases of the Z- 
module A{K). We say that there is a locally unipotent base change from A to B 
if for every n £ Z, the Z-modules spanned by {a^, < fc < n} and {6^, < fc < n} 
coincide and if the base change matrix P from (ofc, < fc < n) to (6^, < fc < n) 
is unipotent in M„(Z). If moreover P has positive entries, then the base change is 
called positive. 

Proposition 5.6. There is a positive locally unipotent base change from B{K) to 
B'{K). 



Proof. As 
and 



B{K) = {cluster monomials} U {P„(z),ri G N} 



B'{K) = {cluster monomials} U {z",n e N} , 

it sufRces to prove that there is a positive locally unipotent base change from 
{Pn{z),n S N} to {z", n G N}. It is equivalent to prove that every z" can be written 
as a positive Z- linear combination of the Pfe(z) for < fc < n. 
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As B{K) is a Z-basis of A{K) and z" g A{K) for every n, it follows that each 
z" can be written as a Z- linear combination of Pk{z) for fc G N. Each Pk{z) being 
a unitary polynomial of degree k, it follows that z" can be written as a Z-linear 
combination of the P/c(2:) for < A; < n. Thus, there is a locally unipotent base 
change from B{K) to 

According to |SZ04| . z = Xm^ is a positive element in A{K). Thus, as positive 
elements form a semiring in A{K)^ each is a positive element in A{K) and 

can thus be written as a positive Z-linear combination of elements of B{K). The 
base change is then positive and the proposition is proved. □ 

Example 5.7. If we look at the base change matrix from the family (z", < n < 
10) C B'{K) to the family (P„(z), < n < 10) of the canonical basis for < n < 10, 



1 





2 





6 





20 





70 





252 





1 





3 





10 





35 





126 











1 





4 





15 





56 





210 











1 





5 





21 





84 

















1 





6 





28 





120 

















1 





7 





36 























1 





8 





45 























1 





9 





























1 





10 





























1 



































1 



which is positive and unipotent. The inverse matrix is 



1 





-2 





2 





-2 





2 





-2 





1 





-3 





5 





-7 





9 











1 





-4 





9 





-16 





25 











1 





-5 





14 





-30 

















1 





-6 





20 





-50 

















1 





-7 





27 























1 





-8 





35 























1 





-9 





























1 





-10 





























1 



































1 



5.2.6. Base change between B'{K) and B" {K). For any n > 0, we write P„ = P„{z) 
and 



the expansion of z" in the P„. It follows from proposition 15.61 that that each Xi, 
is positive. 

Lemma 5.8. For any n > 1, we have : 



(2) Xi^n < Xi-2,n for any i >2 such that i = n[2\. 

Proof. We prove it by induction on n. If n = 1, then z" = Pi and thus Ai_i = 1 and 
Ai,i =0 for alH 7^ 1, the above assertions are true. We now prove the induction 
step. 



we obtain 



Z' 




(1) A,,„ = tfi^n[2], 



— z.z 
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Now according to |SZ041 prop. 5.4 (1)], we have 

( P,-l + Pi+l if 71 > 1 

PlP^ = \ 2 + P2 if i = 1 

[ Pi iii^O 

it follows that 

Z^^^^ = Xo,nPlPo + + \,nPlPi 

2<i<n 

= Ao,nPl + Ai^„(2 + P2) + \,n{Pi-l + Pi+l) 

2<i<n 

i>2 

A direct check proves that the induction step is verified. □ 

Proposition 5.9. There is a positive locally unipotent base change from B"{K) to 
B'{K). 

Proof. As 

B'{K) — {cluster monomials} U > 0} 

and 

B"{K) ~ {cluster monomials} U {C„(z),n > 0} , 

it suffices to prove that for any n > 0, the coefficients of the expansion of z" as a 
linear combination of the C„(z) is positive. 

We denote by C„ = C„(z). Then we recall that -Pn = C„ — C„_2- We write 

^ — ^ ^ Xi^nPn 

the expansion of z" as a linear combination of the P„ . Then 

z"" = ^ ] Xi^n{Cn ~ Cn~2) 
i 

— ^^(Ai,„ — Xi+2,n)Cn 



but according to lemma the difference (Ai_„ — Ai+2.n) is positive and the z" can 
be written as a positive linear combination of the C„. □ 

Example 5.10. If we look at the base change matrix from (C„(z), < ?i < 10) C 
B"{K) to (z",0 < n < 10) C B'{K) is 



1 





1 





2 





5 





14 





42 





1 





2 





5 





14 





42 











1 





3 





9 





28 





90 











1 





4 





14 





48 

















1 





5 





20 





75 

















1 





6 





27 























1 





7 





35 























1 





8 





























1 





9 





























1 



































1 
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which is positive and unipotent. The inverse matrix is 



1 





-1 





1 





-1 





1 





-1 





1 





-2 





3 





-4 





5 











1 





-3 





6 





-10 





15 











1 





-4 





10 





-20 

















1 





-5 





15 





-35 

















1 





-6 





21 























1 





-7 





28 























1 





-8 





























1 





-9 





























1 



































1 



5.3. Semicanonical basis for cluster algebras of type A2,i. We are now inter- 
ested in the particular case of quivers of affine type A2,i, which is the only example 
of simply laced affine cluster algebra of rank 3. Such a quiver is necessarily isomor- 
phic to 

2 




Q: 

For any X £ k, we set Mx to be the representation given by 

k 



Mx: 




and we set 




Moo : 

We identify and k U {oo}. For any 7^ A e \ {00}, Mx is a quasi-module in 
an homogeneous tube and Pj = P^ \ {0}. The only exceptional tube is To of rank 
2 whose quasi-simples are 



En 




and 



El 




We denote by 



Ui + U3 



xi = Xe^ = 



U2 

1 -I- U1U2 + U2U3 
UIU3 



z = Xms 



uf U2 + U1+U3 + U2ul 
U1U2USU4 
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Note that for i ^ j, we have 

Exti^^(i?„i?,)^0, 

thus, the only rigid modules in the additive closure of {Ei : i = 0,1} are E'®" and 
Sf" for n > 1. 

According to proposition 13.181 we have then 

{cluster monomials} U {z"< : n > 0, r > 0, i = 0, 1} . 



5.4. Semicanonical basis for cluster algebras of type A3 i. We are now in- 
terested in a slightly more complicated example that we already met in example 
13.301 Consider a quiver Q of type Aa i, it is necessarily isomorphic to the quiver 



Q ■ 1 

We keep the notations of example 13.301 We compute 

U2 + U4 



Xq — Xeo — 
Xi = Xei = 



U3 
Ul + U3 

1 + + 
U1U4 

U2U1 + U1U4 + U4U3 
U2U3 



U3UI + Ul + U3U1 + U3+ U3U2U4 

yi — X (2) — 

^1 U1U2U4 

U2U3U1 +U2+ U2U4 +U4+ U2ul 

J/2 = -^^^^(2) = 

^2 U1U3U4 

U3U2UI + U2U1 + U1U4 + U4U3 + U3U2U4 
U1U2U3U4 

Note that for i ^ j, we have 

Exti^^(i?„i?,)^0, 



Exti )/0, 



Exfi (K„ii;f))^0, 



1 (2) 

Finally, for any i = 0,1,2, we have Ext^^ , i?- ') = 0. Thus, the only rigid 

modules in the additive closure of |£',, E'f ^ : i = 0, 1, 2 1 are the E®'' © ^)®^ 
for r,s > and i = 0, 1, 2. 

According to proposition l3.181 we have then 

B'{Q) = {cluster monomials} U {z^x^y^ : n > 0, r, s > 0, i = 0, 1, 2} . 
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5.5. Semicanonical basis for cluster algebras of type A2,2- The only other 
example of (simply laced) rank 4 affine cluster algebra is the afRne type A2,2- Up 
to one mutation, we can assume that the considered quiver is 



Q: 



The AR-quiver of Q contains two exceptional tubes of rank 2 To and T^o ■ The 
quasi-simples of To are denoted by Eq and Ei and the quasi-simples of T^ are 
denoted by Fq and Fi . 

We compute 

Ui + U4 



xo = Xe, 

Xi = Xei = 



U2 

Ul +Ui+ U1U2U3 + U2U3U4 



2/0 = Xpo = 

yi = 



UIU3U4 

Ul + W4 



U3 

Ul +U4 + U1U2U3 + U2U3U4 

UIU2U4 



z = AMa = 

U1U2U3U4 

Note that, we have 

Exti^(So,i;i) ~ ~ Ext^^(Fo,i^i), 

Ext^^^(^;„F,) = Ofor^^j. 

Thus, the only rigid modules in the additive closure of {Eq, Ei, Fq, Fi} are the 
E®'' © F®^ for r,s>0 and i,j = 0,1. 

According to proposition l3.181 we have then 

B'{Q) = {cluster monomials} U {z"a;[y^ : n > 0, r, s > 0, i, j = 0, 1} . 



6. Conjectures and questions 

6.1. Semicanonical basis for cluster algebras of afRne types IE,]D). We con- 
jecture that corollarv 14.211 holds for any quiver of affine type. 

Conjecture 6.1. Let Q be an affine quiver. Then the set B'{Q) of all generic 
variables is a "L-basis in A{Q). 

In order to prove this conjecture, it follows from theorem 14.201 that one only has 
to prove that a quiver of affine type D or E satisfies the difference property. 

It seems unlikely to carry out proposition 13.231 to the other affine types. The 
possible multiplicities in the grassmannians do not leave any hope to adapt directly 
the proof given in this article. Using the notations of proposition 13.231 the first 
conjecture is: 
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Conjecture 6.2. Let Q be an affine quiver of affine type, A G V}^{Q) and E he a 
quasi-simple module in an exceptional tube. Then, for any dimension vector v, the 
following equality holds: 

x{Gt^{Me)) = x(Gr.(A/A)) + x(Grf (q-radAfs)) 

An unsatisfying method, but at least fruitful in simple examples, consists in 
doing explicit computations of cluster variables. In order to have a finite number of 
computations, one can chose a given orientation and try to deal later with reflection 
functors in order to obtain the result for any orientations. Nevertheless, it seems 
rather hopeless to do the computations for afhne types E. 

As proposition 13.231 is only used in order to prove theorem 13.251 one can also 
try to prove directly theorem 13.251 The following conjecture would be a direct 
consequence of conjecture 16.21 but it might be simpler to prove it directly. 



Conjecture 6.3. Every quiver of affine type satisfies the difference property. 

The following lemma can turn out to be very useful, it proves that the difference 
X]\ij^ — ^q.rad^A/s/B IS invariant under translation. Namely: 

Lemma 6.4. Let Q be a quiver of affine type, let E be a quasi-simple module in 
an exceptional tube T . Then 

Xme ~ -'^q.radAffi/B = — -^q.radAf^/F 

for any quasi-simple module F in T . 

Proof. Fix Q an afhne quiver, E a quasi-simple in an exceptional tube T of rank 
p > \. Denote by Ei{Q),i G Z/pZ the quasi-simple modules in T such that 
TEi{Q) = Ei^i{Q) for any i e Z/pZ. We denote by the Caldero-Chapoton 
map on the cluster category Cq . 

Consider the quiver A of affine type Ap^^p with an alternating orientation. Fix 
T{A) an exceptional tube of kA-mod. Then T{A) has rank p. Denote by Ei{A), i £ 
Z/pZ the quasi-simple modules in Tsuch that TEi{A) = Ei-i{A) for any i S Z/pZ. 
We denote by X^f the Caldero-Chapoton map on the cluster category Ca- It is 

proved in |Dup09| that the family j-^pi G Z/pT?^ is algebraically independent 
over Q. 

We consider the surjective Z-algebra homomorphism: 
^ ^ f Z[X^^(^),z G Z/pZ] ^[^|(Q),* e Z/pZ] 

[ ' ^iiA) ^ ^I(Q) for any t G Z/pZ 

If follows from |Dup09| that 

for any i G Z/pZ and any fc > 0. 

In order to prove the lemma, it is equivalent to prove that 

yQ _ yQ 

EiiQyp) ^Ei^iiQyp-^) 

does not depend on i G Z/pZ. 
By theorem 13.251 

yA y-A yA 

^Ei{A)ip'i ^E,-i{A)iP-^) — 

where A G Fq{Q). In particular, the difference does not depend on « G Z/pZ. Thus 

-^EiiQ^P^ ~ ^B,_i(Q)(p-i) = '^(^B,(A)(P) ^ ^_Ei_i(A)(p-i)) 

does not depend on i G Z/pZ. □ 
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This lemma finds its interest in the fact that for an affine quiver Q, Crawley- 
Boevey's construction by one point extensions allows to realize an indecomposable 
module of dimension 5 in each tube. This way, in any exceptional tube, there is 
a "privileged" module M^, explicitly realized, for which it seems to be reasonable 
to prove equality ([3]). Lemma [6.41 can then prove that equality @ holds for any 
indecomposable in the tube. 

6.2. Semicanonical basis for acyclic quivers. For quivers of wild type, it is 
not clear that our methods can generalize. Indeed, our work involve deeply the 
knowledge of the Auslander-Reiten combinatorics of the considered quiver and at 
this time this Auslander-Reiten combinatorics is not so clear for wild quivers. Nev- 
ertheless, the very strong analogy between our works and those of Geiss, Leclerc 
and Schroer (see |GLS08j) about nilpotent varieties, there is a hope that the answer 
to the following question is positive: 

Question 6.5. Let Q be an acyclic quiver, is B'{Q) H A{Q) a 'Z-basis of the Z- 
module A{Q) ? 
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